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FOREWORD

This report describes analytical and experimental simulations of
structural responses associated with hydraulic fracturing operations in
rock media. The work was sponsored by Sandia Laboratories, ERDA under
Contract No. 63-4997 and was performed in conjunction with staff from
the Morgantown Energy Research Center. Mr. H. H. Patterson served as
Technical Monitor for Sandia with technical consultation provided by
Mr. Richard Hay and Mr. Jack Hinde.

The work presented herein includes (1) a state-of-the—art literature
survey of hydraulic fracturing, rock mechanics and fracture mechanics,

(2) results of classical elasticity, crack tip and finite element 2D and
3D stress evaluations, (3) experimental studies, and (4) applications
relating to determination of critical pressures and orientations in terms
of crack geometry, material properties and primitive stresses.

This study was performed by West Virginia University, Morgantown,
West Virginia with Dr. Sunder H. Advani serving as Principal Investigator.
Dr. Hota V.S. GangaRao and Dr. L. Zane Shuck served as Co-investigators.
Experimental contributions to this program were made by Mr. James Heavner,

Mr. Tom Keech, and Dr. Rex Haynes under the direction of Dr. L. Zane Shuck.
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s 1

1.0 INTRODUCTION

Hydrofracturing techniques, introduced by Clark (1) in 1948, have
greatly enhanced the recovery of oil and gas reserves. Current applica-
tions of this method, in addition to recovery of oil and gas from rock/
shale formations, are in the areas of underground coal gasification (UCG),
extraction of methane, geothermal energy, solution mining, and radio-
active or slurry waste disposal.

Interpretation of the hydrofracturing mechanisms and evaluation of
the process parameters involve multi-discipline methodologies. A cross
fertilization of several disciplines such as geology, petroleum engineering,
s0lid and fluid mechanics, and instrumentation is involved for obtaining
a blueprint characterization of the hydraulic fracturing process. The
medium to be fractured generally consists of anisotropic layers of fluid
filled rocks subjected to tectonic and overburden stress fields (primitive
stresses). Numerous ill-defined variables such as natural fracture systems
and material inhomogenities contribute to the structural and constitutive
complexities. Characterization of the geological formations is a necessary
pre-requisite. The Wagon Wheel Project studies (2), for example, provide
typical considerations of local geology, stratigraphy, faulting and site
selection. Figure 1 illustrates a representative structural form for
this study.

The following sub-sections describe the hydraulic fracturing process
with particular emphasis on concepts of rock mechanics and fracture me-

chanies. A state-of-the-art literature survey is also given.
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1.1 HYDRAULIC FRACTURING PROCESS AND MECHANISMS

The general process of hydraulic fracturing is well documented (3)
and salient features of this methodology (4) are reviewed here. A typical
well drilling and completion process may involve drilling a hole 6" to 20"
in diameter (depending on depth) to the top of an oil/gas bearing formation
and placing a steel casing in the hole. Then a cement slurry is forced
through the casing until it flows around the outside of the casing back to
the surface. The hole is then drilled through the oil/gas bearing formation
to some depth. An open well bore completion is illustrated in Figure 2.
A fracturing fluid is then injected to build up pressure in the wellbore
until the stress and/or energy threshold levels exceed the corresponding
values of the formation and fractures propagate from the wellbore. Fre-
quently, the fractures emanate from diametrically opposed locations and
leave the wellbore vertically with the crack propagation direction parallel
to the larger tectonic stress (Figure 3). Various possible fracture in-
clinations with the wellbore depend on the stress field, material properties
and fluid flow effects (influenced by porosity, permeability and natural
fracture systems). (Figure 4)

Following the initial formation breakdown, various injection rates
and fluids are used to extend the fractures. At sufficiently high flow
rates, sand or other material is added to prop open the fractures to pre-
vent their closing when the well is open at the surface and allowed to back-
flow. Fracture extension is performed in various stages, rates, and time
intervals between stages, and several phases need consideration during

hydraulic fracture operations. These basic phases are:
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FIGURE 4, TOPOLOGIES OF HYDRAULIC FRACTURE OF GEOLOGICAL FORMATIONS
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a. Primitive stress field (tectonic and overburden) in the formation with
corresponding fluid pore pressure prior to well drilling.

b. Static state of stress in the formation around the wellbore and vicinity
after the well is drilled with negligible fluid-flow effects.

c. Dynamic stress redistribution around the wellbore and field during pres-—
sure build-up from injection of fluids.

d. Transient stress distribution at the wellbore and in the formation prior
to and during fracture initiation.

e. Transient stress redistribution throughout the reservoir after initial
fractures have ceased to propagate and with no further fluid injection.

f. Quasi-static stress distribution after initial fracture and after sub-
stantial fluid circulation and formation stress relaxation.

g. Dynamic stress redistribution throughout the field after further pressure
build-up through fluid injection in fracture extension stages.

h. Transient local and far field stress redistribution during fracture
extension.

i. Repetition of phases f, g, and h.

Most of the research work has been confined to analysis of phases (b) or
(f). A comprehensive evaluation of the local (wellbore) and field stresses
(away from wellbore) is warranted since fracture initiation and extension
are stability problems. The direction of fracture growth, from an energy
viewpoint, is a function of the crack length and imposed stress fields.
Hence, the fracture may go along a direction from the wellbore for a short
distance and assume a different direction further out depending on the pre-
vailing stress conditions and material properties.

The early literature mostly deals with the wellbore analysis of the
state of stress (Hubbert and Willis (5), Zhelto and Khristanovich (6),
Dunlap (7,8), and Fairhurst (9)). Investigation of tectonic stresses, from
hydraulic fracturing data, has been considered by Scheidegger (10) and

Kehle (11). More recent papers have dealt with the effects of fluid flow,
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fracture initiation and extension (Haimison and Fairhurst (12,13,14),
Daneshy (15,16,17,18), Shuck and Advani (4), McClain (19), Wong and

Farmer (20), Seth and Gray (21,22) and Lemon and Patel (23).

1.2 ROCK MECHANICS AND FRACTURE CRITERIA

The bibliography in the areas of rock mechanics is vast. However, rel-
atively few attempts have been made to integrate fracture criteria (Griffith/
Stress Intensity/Energy Density) with related rock mechanics problems. A
review of basic considerationsdealing with rock properties and structures
can be found in textbooks by Obert and Duvall (24), Dreyer (25), and Jaeger
(26). Specialized monographs on the mechanical properties of rock are due
to Proto dyakanov and Koifman (27), American Society of Testing Materials
(28), Schock, et al (29,30,31). There are numerous investigations of static
stress distributions in rock structures with cavities. Classical elasticity
and finite element method approaches have been used to obtain stress con-
centrations (Blake (32), Chugh and Hardy (33) and Barla (34,35).

The earliest rigorous formulation of fracture criteria is due to
Griffith (36). Basically Griffith proposed that if a stationary crack
(-a < x < a, y=o, infinitely long in the Z direction) exists in the interior
of an infinite elastic body subjected to an internal pressure p(x) (b(x) =
p(-x)), then the Griffith Criterion for crack extension is that the total
energy of the system should be a minimum, i.e., 3V/3a = 0 (V being the
difference between the strain energy and the surface energy). Irwin (37)
and Orowan (38) extended the original Griffith criteria so that it could
include plastic energy dissipation occurring in the vicinity of the crack
tip. The equations used in linear fracture mechanics can usually be obtained

from theory of elasticity considerations by use of complex variable mapping
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(two dimensional problems) and potential function methods (three dimensional
problems). The local stresses, using this approach, are expressed in terms
of the stress intensity factors and local coordinates. The stress intensity
factors are also related to the strain energy release rate. In general,
three modes of crack tip deformation occur, namely, the crack opening mode
(mode I), the crack sliding mode (mode II), and the crack tearing mode

(mode III) (39).

In lieu of theoretical solutions to fracture mechanics problems, the
finite element modeling technique is a powerful tool for fracture analysis
for two and three dimensional problems (40). With variable geometry,
material properties, and boundary conditions, the finite element method
can provide accurate local and far field stresses by optimizing element
arrangement and technique. Stress intensity factors calculated by the

finite element method compare favorably with exact elasticity solutionms.
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2.0 ANALYTICAL METHODS AND RESULTS

A comprehensive review of analytical techniques and exact solutions
for two dimensional and three dimensional crack problems can be found in
Sih and Liebowitz (39), Sih (41), and the Handbook of Stresg Intensity
Factors (42). Finite element methods for the calculation of stress in-
tensity factors have been discussed by Hilton and Sih (43), Wilson (44),
and Marcal (45). The following subsections detail analytical methods
and results for two and three dimensional models representing field
hydraulic fracturing operations. Particular attention is paid to the
inclusion of fracture criteria for computing critical pressures and
fracture orientations in terms of crack lengths and initial orientations.
Stress contours along with computed stress intensity factors are also

presented.

2.1 EXACT ELASTICITY THEORY RESULTS
Two and three dimensional elasticity theory field solutions, for
the reservoir problems defined in Figure 5, have been reported by Shuck
and Advani ( 4).
For two dimensional crack tip modeling, the critical internal pressure
necessary to extend a crack of length 2a is governed by the plane strain

relation (46)
4
2

/C:k C é‘LE' (1)

1TICAL 77..& (/-—VZ)

where )/is the surface tension (material property), E is the elastic

modulus of the material and Vv is the Poisson's ratio of the material.
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For plane stress, the corresponding relation is

A? = 2 }/ZE z (2)

The critical pressure for a flat elliptical crack (major axis 2a,
minor axis 2b) in a three dimensional medium has been obtained by Kassir

and Sih (47) to be given by L
A

P =[sle 1) EG) | | o
CRITICAL 26(/-—1/1) [2(/+K’L)E(/<)" i’ kﬁ)

where k'2 =1 - k? = bz/a2

and E(K), K(K) are complete elliptic integrals of the first and second kind.
The penny shaped crack (a = b) is a special case of equation (3). The

corresponding critical pressure is

!
p—

= ) E : %)

/fki'r‘/cm. Za(l—l/‘)

In the above equations, the surface energy )’can also be defined in
terms of critical stress intensity factors. Considerations of stress in-
tensity factors and the influence of boundary conditions are given

with numerical results in the following subsections.
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2.1.1 TWO DIMENSIONAL MODELING

The idealized two dimensional model, shown in Figure 6, is subjected
to internal pressure p and tectonic stresses 9 and Oy The crack axis
and the initial major tectonic stress o, axis are assumed to be inclined

at an angle B. The total stress intensity factors ki’ ké and k§ due to

the combined stress field can be shown to be (39).
4 = (p+ TsuiprGedp)/a
h = (G-G)Speap /o @
kB

]

o

The strain energy density is related to the stress intemnsity factors

by (39)

2.
S= Ankl+ea, bk +a, &+ Ak ©

where

a, = (L_tl') (3- yv-cwb)(r+cao)

a/z— CLtK) S$un 6 (erd - (1-2v))
(/+V) (1,«(/- V)(7-Cot®) + (1+ cntB)(3G26- /)
(_/_-!:_V)

2E

Substitution of equations (5) and (6) yields

S = a,(/-.«-v){(/p -+ (7—6‘w/3+r4¢,0)(3'4""d‘0)(/+&e)
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+ 4l<j;p.¢-C7:yQ~75 4uc@;c,‘jb/)(67;_457.9;;¢5¢:qﬁg\94.6}6Eh149 "/1‘2!7?

+((7;'- O{)znsa.‘/“e e,.oje (4(/—v)(/-cda) -+ (/+G«e)ﬂsasé"))j

Equation (7) is the strain energy density relation in terms of the
local crack tip angular coordinate, internal pressure, crack length and
inclination, tectonic stresses, and material properties.

For crack initiation, we have

Sk

=0 = a, / r){(,o + Tsin chp):weéa«e-fw*a)
+ 4(/0 + VI’J&../A + V;C.(’;a) SuwB Cat @'—0;)@12.9 - (1- 2v)Cn6

+ (af—aa‘)z.s‘;.?;ac.«‘; (2-4v-ced) S8 ®

Equation (8) yields the fracture direction 8 for specified P, cl, Og>

and B. TFor stable crack growth we have
2’8 = a(/H) [ (p+ G siip +T; Ca’p) (zasze + 4Vl -268)
adot

+4(p +(7,"€u-,a + T ea'n) Su-plntp (T-0)(- 2526 * (-2v)su8)

2
+(V,'—- V{)&;‘,zp c.—:’,'a ((z—zw)c«re - 6 C«ZQ) Z0
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The above problem formulation, requires determination of the

critical internal pressure(P ) for specified material constants.

critical

(E,v), inclination B, tectonic stresses o, and Tys and critical strain

1
energy density Sc' The critical strain energy density can be computed

from the relation

S = ﬁ*”’)(/"li’) 'C_a (10)
2E

where Kc is the critical stress intensity factor determined from experi-

mental tests on sandstone.

The following constants are selected for this problem

K_ = 2000 psiyin
E = 4.25x 106 psi
v=0.22
op = -1200 psi and 02 = =700 psi
The material constants chosen above yield SC = .102 1b/in.

Figure 7 illustrates P as a function of B for different

critical
values of a (in inches). The critical pressure is obtained by setting

S = Sc in equation (7) and using equation (8) to yield 9 with condition (9)
satisfied. Since S is a quadratic function of p in equation (7), two roots
of critical pressure can yield the same value of SC for fixed 6. However,
the root corresponding to an increasing value of S with increasing p is
selected from physical considerations. Figure 7 also shows the inter-
actions of mode I and mode II for different values of B. As expected,

the tearing mode has the largest significance for values of B close to

45°, Figure 8 reveals the fracture propagation path as a function of 8.
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Figure 7.

Critical Pressure Versus Inclination B for Two Dimensional
Model with Various Crack Half Lengths.
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The foregoing results for the model can be modified to include any
crack pressure distribution. For example, if the pressure distribution

in the crack due to fluid flow effects is given by

£
2
/Do("‘a_’fz) ;S > -1 an

P

then the corresponding stress intensity factors in equation(s) will be

& = <ﬁ /—\(L—?) +- G,—.s'm‘}a-f-q&f;,e)/;
/"’({,’+/)

L= (T-G)sipexp /a a2

s o

where /_z:yois a Gamma Function. The analysis of the problem is therefore
identical to before.

The two dimensional modeling analysis discussed here is applicable to
a wide variety of hydraulic fracturing conditions such as different pressure
profiles, different values of tectonic stresses, and crack configuration. The

fundamental ideas can be easily extended to three dimensional modeling.

2.1.2 THREE DIMENSIONAL MODELING
As indicated above, the two dimensional modeling analysis provides
basic guidelines for the three dimensional model formulation and solution.
Referring to Figure 9, with the crack in the xz plane, the overburden

stress o, and the tectonic stress o, produce stresses on the surface of the

1
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Figure 9. Elliptic Crack Subjected to Triaxial Stresses.
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elliptical crack which are negligible compared to those produced by the

For this case (o >0.>0
r (0,701>9,

the stress intensity factors at point A on the surface of the elliptical

internal pressure p and the tectonic stress Oy

crack are given by

/(7= (P"O—)fg b;"- Aze,(] (13)
'E;k) S ¢+;} ¥

ko= A3 = 0

wheregi is measured from the x axis in the plane of the crack.

More detailed expressions for an elliptical crack inclined to a three
dimensional stress field are given in Appendix A. Investigations of stresses
at the surface of a flat ellipsoid and fracture criterion in three dimensions
have been conducted by Mirandy and Paul (48,49).

It can be noted from equation (13), that kl is maximum at the inter-
section of the crack boundary with the minor axis b. Crack extension will
therefore occur at 8 = n/2 and the effect of the increased pressure P would
be to produce a circular crack (kl = Z(E:gz)/rg-). However, various con-
siderations such as layered media, naturzl faults, and fluid flow effects
tend to keep the vertical crack propagation in the oil bearing formation.

For a/b>5, then the solution for k, approaches the plane strain solution

1

for a through crack with length 2b, i.e., kl = gvb as a-a.

Table I compares the values of the critical pressures for circular,

elliptical, and line (R=0) cracks.
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Table I
Comparison of Critical Pressures

DigZigion (Pcritical - 02) psi
2D line 3D penny 3D elliptical crack

b inches crack crack a=b a=2b a=3b a=5b a=10b
5 504 792 610 562 530 513

15 291 457 353 324 306 296
25 226 354 273 251 237 229
55 152 239 184 169 160 155
75 130 205 158 145 137 132
125 101 158 122 112 106 103
225 75 118 91 81 79 76
425 55 86 66 61 57 56
625 45 71 55 50 47 46
825 39 61 48 44 41 40
1000 36 56 43 40 38 36

2.2 FINITE ELEMENT MODELING RESULTS
The idealized two and three dimensional models are analyzed by the
NASTRAN computer program (50). Triangular and rectangular elements are
used in the two dimensional analysis, whereas hexahedral and polyhedra
with subtetrahedral (wedge) shapes are used in the three dimensional
modeling. The direct stiffness method is used in formulating the
stiffness matrix. Two separate and distinct model formulations are

used for the crack tip and farfield analysis. For the crack tip analyses,
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the displacement compatibility form of boundary conditions is chosen. The

stress compatibility formulation is used for the far field solutions.

2.2.1 TWO DIMENSIONAL MODELING
The selected finite element model for the field analysis is illustrated
in Figure 10. The same element arrangement is chosen for different crack
inclinations. The tectonic stresses are specified with the crack orientation
taken into account. Four stress loading cases are considered to compare
superposition concepts and effects of boundary conditions. These cases are:

(i) Case I: Plate subjected to tectonic stress o, only.

1

(ii) Case II: Plate subjected to tectonic stress o, only.

2
(iii) Case III: Plate subjected to internal pressure p only.

(iv) Case 1V: Plate subjected to ¢,, 0, and p simultaneously.

1° 2
Figures 11 through 16 show Onax’ Omin® and Tnax stress contours for Case III1
with B=0 and 45°. Corresponding plots for Case IV are revealed in Figures
17 through 22.

Figure 23 illustrates the configuration of the chosen crack tip model.
The four cases presented above are analyzed. Detailed results and comparisons
with crack tip solutions are presented in Appendix B. Figure 24 gives plots
of the maximum principal stress concentration factor for the two dimensional
model (Case III).

The stress contour plots are obtained by Wolfe's plotting routine.
Symmetry in stress fields (Figures 11 through 22) is not occasionally
apparent because of the chosen grid system which is unsymmetric around the

two crack tips.
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Figure 10.

Two Dimensional Finite Element Model Configuration for
Field Analysis, Corresponding Crack Tip Configuration is
Detailed in Figure 23.
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Figure 13. Maximum Shear Stress Contours for Case S3 and 8 = 0
(p = 852 psi, a = 55 in)
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Figure 14. Maximum Normal Stress Contours for Case S3 and B = 45°

(p = 625 psi, a = 55 in)
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Figure 18. Minimum Normal Stress Contours for Case S, and 8 = 0
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(p = 852 psi, a = 55 in)
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Figure 20. Maximum Normal Stress Contours for Case S, and 8 = 45°
(p = 852 psi, a = 55 in)
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Figure 21.  Minimum Normal Stress Contours for Case S4 and B = 45°
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Figure 22. Maximum Shear Stress Contours for Case S& and B = 45°

(p

625 psi, a

55 in)
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Figure 23. Two Dimensional Crack Tip Element Configuration Corresponding
to Figure 10.
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2.2.2 THREE DIMENSIONAL MODELING

Figure 25 illustrates an octant of the selected three dimensional
model with a circular crack which is triangulated. The diameter of the
crack in the overburden direction can be scaled by a linear transformation
to yield an elliptical cross section crack. The output from the NASTRAN
model includes

(1) Six stresses and strains
(ii) Three translational joint displacements
and

(iii) Octahedral shear stresses
A polar plot of the octahedral shear stress concentrations factors, for a
vertical circular crack, is shown in Figure 26. The tectonic and overburden
stress effects are not included in this plot.

Stress contour plots in any plane for the elliptical crack can be

similarly obtained. The stress intensity factor k., for the triangulated

1

elliptic crack model agrees well at various locations on the surface of
the ellipse with values from equation 13 for % = 2 (pressurized crack).
The effect of tectonic stresses on the model are qualitatively similar

to those for the two dimensional case.
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2.3 EXACT THEORY AND FINITE ELEMENT COMPARISONS

Classical elasticity theory solutions, applicable for hydraulic
fracturing operations, have been given by Shuck and Advani ( 4). Figure
27 compares these solutions along the significant stress axis (primary
direction of induced pressure) with two and three dimensional finite
element results. The influence of tectonic and overburden stresses is
ignored in these solutions.

Superposition of basic stress situations such as internal pressure
and tectonic stresses can be easily accomplished. The superposition
concepts are demonstrated in Figures 28,

Detailed comparisons of two dimensional finite element crack tip
results for case II1 (internal pressure only) and case IV (internal
pressure and tectonic stresses) with corresponding classical theory
values are given in Appendix B (8=0, 45°). The classical theory principle

stress values are obtained from the equations

o= K crtf(i-2i06iu38) ~ K 900 (84 Gef 3B )+ -

2 2
/—ii -q@rzus + Gjeiv’a) Vrﬁi

q}—- ﬁ&de(}f‘\gwﬁs“”w)’* k waﬁ@gaﬁ'39 A (14

<7 /2% fﬁji _? - 2

= S Cxt 3B + o, CxB (1- Suuf SunrdP
7’:&‘ %c«zﬁ zé 2 ’;,ri z( 2 z)

where F’ = (P -+ U/‘swz/e *OIGV:’F)/Z
and 4%2 = <,<zr - oz:).gaL~/3 C&nﬂﬁB V,Z:
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- 2D finite element model

. Ellipsoidal load on elliptical area

. Rectangular load on half space —
Plane strain pressurized crack

- 3D finite element model

e mO PO
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PERPENDICULAR DISTANCE FROM
FRACTURE PLANE AT WELLBORE

FIGURE 27.COMPARISON OF Oyy FROM F.E.M. AND THEORY OF ELASTICITY
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The x and y coordinate axes in equation (1l4) are parallel and perpendicular

to the crack axis respectively. The crack tip region is defined by r<§% .

The principal stress values are compared in Appendix B since the stresses

computed by use of NASTRAN are in terms of local element coordinates.
Tables II and III compare crack tip stresses along the crack axis

from the 2-D finite element and exact analytical models (Equation 15) for

case III (internal pressure only).

Table II
Comparison of 2-D FEM and Exact Analytical Results
for p = 852 psi (Case S.,)

, g = 00 3

FEM (psi) Analytical (psi) _Emgz_ﬁfffz 0min(FEM)
r/a “max “min “max °min ‘max (ANAL) Omin(ANAL)
0.0088  5326.3 4642.1 6502.8 5431.7 0.819 0.856
0.0124  4494.4 3886.1 5474.9 4479.7 0.820 0.867
0.0171  3802.1 3258.6 4643.1 3700.9 0.818 0.880
0.0230 3218.9 2741.9 3992.5 3085.5 0.806 0.888
0.0290 2813.1 2384.7 3547.3 2660.9 0.793 0.896
0.0361  2469.5 2083.0 3174.9 2303.3 0.777 0.904

0.0466  2112.5 1770.0 2789.3 1930.4 0.757 0.916
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Table III
Comparison of 2-D FEM and Exact Analytical Results
for p = 625 psi (Case III)

B = 45°

FEM (psi) Analvtical (psi) SEEE&,EEE¥? 0min (FEM?
r/a ‘max _ ’min “max “min “max (ANAL) “min (ANAL)
0.0088 3907.1 3412.6 4770.6 3984.8 0.819 0.856
0.0124 3297.6 2850.8 4016.5 3286.4 0.820 0.867
0.0171 2789.1 2390.4 3406.3 2715.1 0.818 0.880
0.0230 2361.2 2011.3 2928.9 2263.6 0.806 0.888
0.0290 2063.6 1749.3 2602.4 1952.1 0.793 0.896
0.0361 1811.5 1528.0 2329.2 1689.8 0.777 0.904
0.0466 1549.7 1298.3 2046.2 1416.2 0.757 0.916

Good correlation between the finite element and exact analytical results
is observed. The ratio of the stress intensity factors (mode I) i.e.,
kl(FEM)/kl(ANAL) for the computed stresses is relatively constant and
falls in the range between 0.80 to 0.90. This small discrepancy can be
attributed to the plate F(a/b) factor, i.e., the factor influenced by
the plate overall dimension along the crack direction.

The stress intensity factors for the pressurized elliptical crack
using the exact solution and finite element model show good correlation.
For example, the exact crack tip solution for the o, stress is

- £ cetd /+~5'.‘~96-‘-39] ..Ib
= 4y b = —
2 (2%)'& J 2 2 (15a)

with .

£ 2. 2 L
£ = f(k)(é) [foutd + Lord]

(15b)
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The finite element values of kl’ obtained from the computed o, stresses

at § = 0.04, are compared with corresponding values from equation (15b)

in Table 4 for different values of ¢ with~% = 2 (b = 55"). The value of

8 (wedge angle) for the crack tip elements varies from 15° to 300.

Table IV
Comparison of 3-D FEM and Exact Analytical Values of k1 in terms
of Internal Pressure p with §-= 2.

) 4.5° 14.3° 26.6° 44,50 72.4°
kl Analytical 4.35p 4.51p 4.87p 5.43p 6.01lp
k, FEM 4.50p  4.53; 4.65p 4.78p 4.79p
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3.0 EXPERIMENTAL RESULTS

The experimental portion of this work dealt primarily with strain gage,
crack propagation, and acoustic emission investigations on plate samples
with a simulated crack (Figure 29). Preliminary photoelastic experiments
conducted by Heavner* indicated that the coatings used were two insensitive
for low field strain levels. For geometric stress distribution purposes
only, a sheet of CR-39 with a pressurized crack was analyzed using classical
photoelasticity. Figure 30 illustrates the isochromatics experienced by
the CR-39 sheet at 600 psi.

Experiments on strain gaged Berea sandstone plate samples with in-
ternally pressurized cracks were conducted to determine the resulting strain
distributions. Figure 31 reveals the computed stresses and orientations
from plane stress experiments on two samples. Acoustic emission and crack
propagation characteristics were simultaneously monitored. The purpose
of these laboratory tests was to obtain qualitative correlations on stress
distributions, crack extensions, and to provide additional information on
the onset of acoustic emission activity as it related to hydraulic fracturing
field experiments. Experiments conducted by MERC have indicated sharp,
high frequency bottom hole pressure decreases which are believed to corre-
spond to dynamic fracture extensions. These fracture extensions appear to
grow in discrete steps. Measurement of the acoustic signatures of these
events along with crack propagation velocity and strain distributions is
therefore important for demonstrating the discrete value of fracture
extensions. The following subsections detail the strain gage and acoustic

emission results.

*J. Heavner, 'Stress Analysis of 0il Bearing Sandstone,'" MSME Thesis, West
Virginia University, 1975.
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3.1 STRAIN GAGE RESULTS

Extensive strain-gage data on Berea Sandstone samples were obtained
to determine material and structural properties, verify material linearity/
non-linearity, and compare computed model stresses with corresponding
experimental values.

Material property determination tests on Berea sandstone cylindrical
specimens (3/4" diameter, 1" long) yielded an average Young's modulus
E=1.56 x 106 psi and Poisson's Ratio Vv = 0.22 in both temsion and
compression. Linear stress-strain curves were obtained with tensile and
compressive specimens fracturing at 327 psi and 6428 psi respectively.

Two types of plane stress experiments were performed to obtain the
structural response of plate samples with simulated cracks. The first
type of experiment consisted of a square plate with a slit subjected to
uniform tensile edge loading, as illustrated in Figure 29. The locations
of typical strain measurements are also shown in this figure. This experi-
ment provided base line data for comparison with known solutions of a crack
in a uniform tensile field and also served to demonstrate superposition
concepts. The far field strain gage data (gage 6) yielded the elastic
modulus in tension and Poisson's ratio for Berea sandstone. The second
experiment was designed to more closely duplicate reservoir hydraulic
fracture conditions. The boundary conditions conformed to the model of an
internally pressurized, linear crack, in an "infinite" force plate. As in
the first experiment, all variables such as load (or pressure) and strains
were sampled simultaneously at a high scan rate while quasi-statically

loading (or pressurizing) the plate.



TID 27,649
West Virginia Univ,
November 1975

53
Table IV compares experimental data for a pressurized crack with
corresponding finite element model results. The crack length for this
test is 1 in. and the gage locations are illustrated in Figure 32.
Fracture extension occurred at an internal pressure of 2000 psi. The
critical pressure for a 3 inch internal crack in corresponding tests
was approximately 900 psi.
Table IV
Experimental and Finite Element Model Comparisons
Crack
Internal Distance from Experiment Finite Element Model
Pressure Crack Tip and psi psi
. o o, g o .
psi Gage Angle max min max min
1200 A 0.16", Q° 879 399 731 491
1600 A 0.16", 0° 2282 793 975 655
1200 B 1.0", 0° 81 -8.3 126 67
1600 B 1.0", 0° 156 27 167 90
1200 c 1.34", 22.5° 44 -7 59 4
1600 C 1.34", 22.5° 86 -19 79 5
1200 D 0.91", 45° 165 -50 191 -77
1600 D 0.91", 45° 257 -115 255 =102
1200 E 1.28", 67.5° 49 -86 119 -63
1600 E 1.28", 67.5° 76 -136 158 -84

Reasonable correlation between analytical and experimental results is seen above
with non-linearity evident in the experimental results. The correspondence
between analytical and experimental results, in general, is not good since

Berea sandstone is an anisotropic, inhomogeneous, large grain sized, porous
material. Opening and closure of micro cracks under stress mades the

structural properties non-linear. Microfracturing manifests itself at
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higher stresses as open pores crush and cracks grow (in planes parallel
to the maximum compression). In addition, strain gage experimental
techniques may not be accurate since a gage typically envelopes about

8 to 15 grains.

3.2 ACOUSTIC EMISSION RESULTS

Several acoustic emission studies have been reported in literature
to locate fractures and orientations and to provide information on failure
history. A summary of these techniques can be found in Dunegan and
Harris (51), and Knill, Franklin and Malone (52).

Simultaneous acoustic emission (AE), crack propagation and strain
gage data is displayed in Figures 33 and 34. Figure 34 is a time
expanded version of the data in Figure 33. The acoustic emission sensors
were usually mounted close to the four corners of the plate. Traces
number 8 in Figure 33 and 7 in Figure 34 are the time codes used in
correlating events recorded on different 14 track FM magnetic tape re-
corders. Trace 1 in Figure 33 is a strain gage plot located at a point
0.91 in. from the crack tip at an inclination of 45° (Gage D in Figure 32).
Trace number 2 in Figure 33 illustrates the discrete extensions of one
side of a hydraulically induced fracture as measured by a 20 element x
0.40 in. long crack propagation gage. The large fracture extension
indicated by acoustic emission channels 3 through 7 on the right side of
Figure 33 were not indicated by the crack propagation gage because the
fracture had already passed by it. Other acoustic emissions shown in
traces 3 through 7 (Figure 33) resulted from fracture extensions from
the other half of the crack which was monitored by another crack propagation

gage.
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Dynamic stress redistribution, typically occurring in field fracturing
processes, is illustrated by the strain gage signal in Figure 33. The
strain history corresponds to the large transients from the propagating
fracture. The acoustic emission from the propagationm fractures in the
plate has frequencies in the 10K Hz range. It is believed that due to
the different sources of acoustic emission associated with reservoir
scale fracturing, lower frequency components are generated than those
illustrated in Figures 33 and 34. Otherwise, attenuation would be
excessive for monitoring the acoustic emission over the required dis-

tances associated with field operatioms.
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4.0 DISCUSSION OF RESULTS

The two and three dimensional structural models serve as predictive
tools for investigating critical pressures in terms of in situ stresses,
rock mechanical properties, crack geometry, and inclination. In partic~
ular, the models simulate the quasi-static stresses resulting from the
hydraulic fracturing process and provide interpretive and quantitative
information on the following:

(i) fracture initiation, extension, and orientation,

(ii) effects of layering and other variables on fracture pro-
pagation and crack geometry,

(iii) directional control of fracture,

and
(iv) laboratory and field experimental correlations.

4.1 FRACTURE INITIATION, EXTENSION, AND ORIENTATION

The condition for fracture initiation around a well bore is (12)

- (7;:—3024-0,“

P, . =
critical ———

2 - o« (i1-2v)fti-v)

where o is related to rock permeabilities and Ot is the tensile strength of

the medium.
For the problem selected here, with fluid flow effects ignored, we
have

Pcritical = ot + 900 psi

The critical pressures for crack extension as a function of crack length
and orientation are given in Figure 7 with a comparison of values in Table I
for B=0. Clearly, the penny shaped crack configuration is the optimum shape
and would result for a homogeneous and isotropic medium.

The preferred fracture orientations for different crack inclinations
(Figure 8) emphasize the directional stability (or instability) of pro-

pagating cracks with in situ stresses present. Crack propagation orientations
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initially inclined to the well bore tend to change direction and eventually
align themselves along the major tectonic stress axis. For certain fluid
flow rate ranges and material anisotropics and inhomogeneities, the occurence
of branched cracks is feasible depending on the energy rate. In this con-
text, Kobyashi (33) has presented dynamic photoelastic data on crack branch-
ing and crack arrest in edge cracked tension plates. His results show that
the average static strain energy release rate appear to be about five times
larger than the average dynamic strain energy rate, thus causing the crack

to branch and double the strain energy dissipated at the now two crack tips.
In practical situations, the dynamic strain energy is estimated from the

total static energy released.

4.2 EFFECTS OF LAYERING AND OTHER VARIABLES

The crack tip and field stresses, obtained from the model, do not appear
to be appreciably altered by the multi~layered geometry if the crack con-
figuration is entirely confined in one layer. The influence of the adjacent
layer on the crack tip stresses becomes significant if the crack advances
to the interface between layers with different material properties. Vertical
fractures will be limited by the overlying formation (say shale) by two
principal considerations. Firstly, the relative values of SC and secondly
the relative permeabilities and/or porosities can contain the fracture in
one layer. These factors can be incorporated in the layered three dimensional
finite element model by specifying different Sc (or Kc) across the layers
with a suitable fluid pressure profile (computed from Darcy type relations).
Additionally, the influence of medium inhomogeneities and anisotropics (such
as termination of sandstones, joints, natural faults, etc.) can be simulated.

The consideration of the effects of layering is paramount to the deter-

mination of fractured volume since it is a product of fracture height (minor
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axis), fracture length (major axis), and crack width. The fracture height

can be predicted from the three dimensional finite element model by specifying
material properties for the layers (from geological data). Fracture lengths,
however, are difficult to estimate but can be determined experimentally
(seismic techniques) or indirectly from the fluid flow volume. The crack
thickness is obtainable from theoretical considerations using complex
variables or potential function methods. For example, Haimison and Fairhurst
(12) have obtained the maximum fracture width (wmax) in terms of the minor

tectonic stress (02) and fluid pressure. They obtain

v, - 02V (G +p) [zﬁ—v)—«(/—av)]a-
3 E

max

For g, = -700 psi, p = 1000 psi, a = 0.8, E = 4.25 x 106, VvV = 0.22, and

a = 2000 in., we have

W = 0.254 in.
max

4.3 DIRECTIONAL CONTROL OF FRACTURES

Since fracture initiation and extension is a stability problem, the
instantaneous crack direction depends on the prevailing stress conditions
and material properties. The crack growth direction can be controlled by
suitable superposition of stress fields. Figure 35 illustrates such a
possible situation wherein the stresses induced by the pressurized control
well influence the well to be fractured. For this case, a net stress
exceeding 01 (-1200 psi) is necessary to cause the fracture to link up
with the control well shown. With 22 = 800, d, = 300 ft., d; = 0, the two
dimensional model results require the pressure in the control well to be

at least greater than 1600 psi to alter the crack direction.
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4.4 LABORATORY AND FIELD EXPERIMENTAL CORRELATIONS

Laboratory and field experimental correlations are necessary for
verification of the theoretical models and giverning fracture mechanisms.
Analytical approaches, though hindered by definitions of statistical
inhomogenities, anisotropies, and inelasticity of the medium, serve as
gross structural predictors, for field fracturing operations. The
analytical models at the micro and macro level can, in general, be suc~-
cessfully validated by laboratory experiments which examine local
phenomena such as stresses, strains, strain rates, crack propagation
velocities, etc. For example, experiments and analyses have demonstrated
that crack growth ceases to be stable when the energy release rate reaches
a critical value (material property). When crack growth becomes unstable,
dynamic elasticity considerations are required. For the case of specimens
subjected to fixed end displacements, however, it has been demonstrated
that dynamic stress distributions almost coincide with corresponding
static values. Techniques such as strain gaging, photoelastic coatings,
acoustic emission, and moire are particularly suited for controlled
testing of rock samples. In this context, Daniel and Rowlands (54) have
recently investigated fracture and wave propagation characteristics in
rock media. The measured crack propagation velocities in marble and
granite plates (30,000 to 50,000 in/sec) are considerably below the
limiting theoretical values. Relatively low values were also obtained
for the Berea sandstone samples tested here.

The acoustic emission characteristics coupled with the strain levels
provide basic weight on fracture initiation thresholds. Additionally,

mapping of the fracture configuration can be achieved.
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5.0 CONCLUSIONS AND RECOMMENDATIONS

The reported analytical and experimental investigations describe the
stress patterns, fracture initiation thresholds, and fracture inclinations
along with the governing influence of mechanical properties, crack geometry
and primitive stresses. The studies provide fundamental information on the
prediction, control, and optimization of hydraulic fracture within the
framework of rock mechanics. The classical and finite element two and
three dimensional solutions with the homogeneous elastic, isotropic
medium assumptions, serve as initial benchmarks for simulation of the
actual field operations. Refinement of finite element crack tips along
with incorporation of detailed in situ properties (anisotropies, joints,
layers, etc.) in the model will make it an accurate predictive tool.

Additional work should be undertaken in the following areas:

(i) Coupling of fracture mechanics and fluid mechanics models.

(ii) Study of micromechanics of granular material such as couple
stress, compression-tension differences, material non-linearity,
and dynamic properties.

(iii) Dynamic fracture finite element/finite difference modeling
with applications to explosive fracturing.

(iv) Comparative dynamic fracture and wave propagation experiments
on sandstone and shale specimens with special emphasis on

crack branching and crack arrests.

(v) Linking of multiple cracks and utilization of directional
control techniques.

and

(vi) investigation of acoustic emission from an internal propagating
fracture in a three dimensional layered medium.



10.

11.

12.

13.

1l4.

15.

TID 27,649
West Virginia Univ.
November 1975

65

REFERENCES

Clark, J. B., "A Hydraulic Process for Increasing the Productivity of
Wells," Trans. AIME, V. 186, pp. 1-8, 1949.

Anon, "Project Wagon Wheel," Technical Studies Report PNE-WW-1, Ed.
El Paso Natural Gas Co., December, 1971.

Howard, G. C. and C. R. Fast, "Hydraulic Fracturing,' SPE Monograph,
V. 2, 1970.

Shuck, L. Z. and S. H. Advani, "Induced Stresses in Hydraulic Fracturing
Operations," Proceedings, 15th Conference on Rock Mechanics, 1973.

Hubbert, M. K. and D. G. Willis, "Mechanics of Hydraulic Fracturing,"
Trans. AIME, V. 210, pp. 153-168, 1957.

In. P. Zhelto and S. A. Khristianovich, '"On the Mechanism of Hydraulic
Fracture of an 0il Carrying Stratum,” 12v. Akad Nauk SSSR OTN No. 5, 1955.

Dunlap, I. W., "Fracture Orientation and Rock Stresses in the Springer
and Hart Formations," Oklahoma, J. Inst. Petrol., V. 49, No. 477,
pp. 289-294, 1963.

Dunlap, I. R., "Factors Controlling the Orientation and Direction of
Hydraulic Fractures," J. Inst. Petrol., V. 49, No. 477, pp. 282-288, 1963.

Fairhurst, C., "Measurement of In Situ Rock Stresses With Particular
Reference to Hydraulic Fracturing,'" Rock Mechanics and Engineering
Geology, V. II/3-4, pp. 129-149, 1964.

Scheidegger, A. E., "Stresses in the Earth's Crust as Determined from
Hydraulic Fracturing Data," Geologic and Bauwesen, V. 29, pp. 45-53, 1962.

Kehle, R. 0., "The Determination of Tectonic Stresses Through Analysis of
Hydraulic Well Fracturing," J. Geophys. Res., V. 69, No. 2, pp. 559-584,
1964.

Haimson, B. and C. Fairhurst., "Initiation and Extension of Hydraulic
Fractures in Rocks," Soc. Petrol. Engr. Jr., V. 7, No. 3, pp. 310-318,
1967.

Haimson, B. and C. Fairhurst, "In-Situ Stress Determination at Great Depth
by Means of Hydraulic Fracturing,'" Proc. 1lth Symp. on Rock Mechanics,
Berkeley, California, 1969.

Haimson, B. and C. Fairhurst, "Hydraulic Fracturing in Porous-Permeable
Materials," J. Petrol. Technmol., V. 21, No. 7, pp- 811-817, 1969.

Daneshy, A. A., "Opening of a Pressurized Fracture in an Elastic Medium, "
SPE Publication, 1973.



16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

TID 27,649
West Virginia Univ.
November 1975

66

Daneshy, Abbas Ali, "True and Apparent Direction of Hydraulic
Fractures,'" Pres. at 46th Ann. Meeting, Soc. Petrol. Eng., AIME,
SPE Preprint 3226, 16 pp, 1971.

Daneshy, Abbas Ali, "A Study of Inclined Hydraulic Fractures," Soc.
Petrol. Engr. Jr., pp. 61-68, 1973, Also SPE Paper 4062.

Daneshy, Abbas Ali, James R. Williams, Jr., and Tinsley, John M.,
"Effect of Treatment Parameters on the Geometry of a Hydraulic Fracture,"
Soc. of Petr. Engrs., AIME, 1971.

McClain, W. C., "Rock Mechanics in the Disposal of Radioactive Wastes
by Hydraulic Fracturing,”" Felsmechanik u. Ingencecergeol, V. 6,
pp. 139-161, 1968.

Wong, H. Y. and I. W. Farmer, "Hydrofracture Mechanisms in Rock During
Pressure Grouting,'" Rock Mechanics, V. 5, pp. 21-41, 1973.

Seth, M. S. and K. E. Gray, "Transient Stresses and Displacement Around
a Wellbore Due to Fluid Flow in Transversely Isotropic, Porous Media:
I. Infinite Reservoirs," Soc. Petrol. Eng. J., V. 8, No. 1, pp. 63-78,
1968.

Seth, M. S. and K. E. Gray, "Transient Stresses and Displacement Around
a Wellbore Due to Fluid Flow in Transversely Isotropic, Porous Media:
II. Finite Reservoirs," Soc. Petrol. Eng. J., V. 8, No. 1, pp. 79-86,
1968.

R. F. Lemon and H. J. Patel, "Effects of Fracture and Reservoir Parameters
on Recovery from Low Permeability Gas Reservoirs,' SPE Paper No. SPE 5111,
1974,

Obert, Leonard and W. I. Duvall, "Rock Mechanics and the Design of
Structures in Rock,'" John Wiley & Sons, 1967.

Dreyer, W., "The Science of Rock Mechanics -~ Part I, The Strength
Properties of Rocks," Trans. Tech. Publications, 1972.

Jaeger, Charles, "Rock Mechanics and Engineering," Cambridge University
Press, 1972.

M. M. Protodyakonov, M. I. Koifman, and others, '"Mechanical Properties
of Rocks," Israel Program for Scientific Translations Ltd., IPST Cat.
No. 5104, 1969.

"Determination of the In-Situ Modulus of Deformation of Rock,'" American
Society for Testing and Materials Publicatiomn 477, 1970.

R. N. Schock, H. C. Heard, D. R. Stephens, 'Mechanical Properties of Rocks
from the Site of the Rio Blanco Gas Stimulation Experiment,'" Lawrence
Livermore Laboratory Report UCRL-51260.

R. N. Schock, H. C. Heard, D. R. Stephens, 'Comparison of the Mechanical
Properties of Graywacke Sandstones from Several Gas Stimulation Sites,"
Lawrence Livermore Laboratory Report UCRL-51261.



31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

44,

45.

21D 27 649
West Virginia Univ.

November 1975
67

R. N. Schock, H. C. Heard, D. R. Stephens, "High-Pressure Mechanical
Properties of Rocks from Wagon Wheel No. 1," Pinedale, Wyoming, Lawrence
Livermore Laboratory Report UCRL-50963.

W. Blake, "Application of the Finite Element Method of Analysis in
Solving Boundary Value Problems in Rock Mechanics," Int. J. Rock Mech.
Min. Sci. Vol. 3, pp. 169-180, 1966.

Y. P. Chugh and H. R. Hardy, "Analytical Study of Pressurized Elliptical
Cavities," New Horizons in Rock Mechanics, Proceedings, Fourteenth
Symposium on Rock Mechanics, 1972.

Barla, G., "Stresses Around a Single Underground Opening Near a Traction
Free Surface," Int. J. Rock Mech. and Min. Sc., Vol. 9, pp. 103-126,
1972.

Barla, G., "A Method for the Analysis of Stress in Brittle Rock," Int.
J. Rock Mech. Min. Sci., Vol. 9, pp. 87-102, 1972.

Griffith, A., "The Phenomena of Rupture and Flow in Solids," Phil. Trans.
of Royal Soc. of London, Vol. 221, pp. 163-198, 1921.

Irwin, R., "Fracture, Handbuch der Physik," Vol. 6, pp. 551-590, 1958.

Orowan, E., "Fundamentals of Brittle Behavior of Metals,'" Fatigue and
Fracture of Metals, John Wiley, pp. 139-167, 1952.

Sih, G. H., "Handbook of Stress-Intensity Factors for Researchers and
Engineers," published by Institute of Fracture and Solid Mechanics, Lehigh
University, Pa., 1973.

Edited by G. C. Sih, "Mechanics of Fracture 1, Methods of Analysis and
Solutions of Crack Problems,' Noordhoff International Publishing,
Leyden, 1973.

Sih, G. and H. Livebowitz, "Mathematical Theories of Brittle Fracture,"
Fracture ed (H. Libowitz), Vol. 2, pp. 67-190, Academic Press, 1968.

H. Tada, P. Paris and G. Irwin, "The Stress Analysis of Cracks Handbook,"
Del Research Corporation, Allentown, Pennsylvania, 1973.

P. D. Hilton and G. C. Sih, "Application of the Finite Element Method
to the Calculation of Stress Intensity Factors,”" Ref.40, pp. 426-483.

Wilson, W. K., "Crack Tip Finite Elements for Plane Elasticity,"
Westinghouse Scientific Paper 71-1E7 - FMPW R~P2, June 7, 1971.

Marcal, P., "Three-Dimensional Finite~Element Analysis for Fracture
Mechanics," in the Surface Crack: Physical Problems and Computational
Solutions, ASME Publication, 1972.



46.

47.

48,

49,

50.

51.

52.

53.

54.

TID 27,649
West Virginia Univ.
November 1975 68

Sneddon, I. N., "Crack Problems in the Theory of Elasticity in Developments
in Theoretical and Applied Mechanics," Vol. 3, ed. Shaw, Pergamon Press,
pp. 73-103, 1967.

Kassir, M. B. and G. C. Sih, "Griffith's Theory of Brittle Fracture in
Three Dimensions," Int. J. Engineering Science, Vol. 5, pp. 899-918,
Pergamon Press, 1967.

Paul, B. and L. Mirandy, "An Improved Fracture Criterion for Three-
Dimensional Stress States," ASME Paper No. 75-Mat. 11, 75-M.

Paul, B. and L. Mirandy, "Stresses at the Surface of a Flat Three
Dimensional Cavity,'" ASME Paper No. 75-Mat. 12.

MacNeal, R. N. "NASTRAN Theoretical Manual,'" NASA CR NA $J-10049, 1969.

Dunegan, H. and D. Harris, "Acoustic Emission Techniques,' in Experimental
Techniques in Fracture Mechanics, editor, A. Kobayashi, SESA Monograph
Series, pp. 38-75, 1973.

Knill, J., J. Franklin, and A. Malone, "A Study of Acoustic Emission
from Stressed Rock," International J. of Rock Mechanics and Mineral Sciences,
Vol. 5, pp. 87-121,

Kobayashi, A. S., "Criteria for Crack Branching and Crack Arrest,"
Technical Report No. 19, Contract N000l4~67-A-0103-0400, Department of
Mechanical Engineering, U. of Washington, Seattle, 1974.

Daniel, I. M. and R. E. Rowlands, "On Wave and Fracture Propagation in
Rock Media," Experimental Mechanics, Vol. 15, No. 12, pp. 449-457, 1975.



TID 27,649
West Virginia Univ.

November 1975 69

APPENDIX A

The stress intensity factors, for the inclined crack in Figure A-1,

obtained from superposition of the axial and shear loading are [47].

Pz,

1)

s : 2 Y
or:gdj%<‘dcg' S & + éf})éki’étg
E(k)

/ : :
k!’,, = G'Gu;ﬁavo(z/zszg_ CreX, Crt O +c_/__ S &, Sinm e‘}
{ O +&)‘c«’€f4 , ¢

. - ! o ot Ore
by = TS0t e JE(1-)A" | Lot 68 - K10

4 feuts +é_)'-c«'-a_} % (S .
where
2 2
C1 = (k" - v) E(k) + v k' K(k)
c, = &+ vk'd) B - v k' R(K)
k2 =1 - k'z, k' = b/a

E(k), K(k) are complete elliptic functions of the first and second kind

respectively.
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Figure A-1.
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Elliptic Crack Subjected to Arbitrarily Inclined
Shear and Axial Loading.

70



TID 27,649
West Virginia Univ.

November 1975
71

APPENDIX B

Principal normal and shear stress values in the vicinity of the crack
tip, computed from the exact two dimensional theory and finite element
model, are presented in the following tables. Results from two cases with
a = 55 in. are presented, namely:

(i) 1internal pressure only (S3)

(p = 852 psi, B =0; p = 625 psi, B = 459)

(ii) internal pressure and tectonic stresses (SA)
(p = 852, B =0; p= 625 psi, B = 45°; 0, =-1200 psi, o, ==700 psi)

The table designations are as follows:

R - distance from crack tip in inches
TH - angle measured from crack axis
SMAX - maximum principal stress (psi)

SMIN - minimum principal stress (psi)
TMAX - maximum shear stress (psi)
Good correlations between exact theory and finite element model results

are observed.
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