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ABSTRACT

Theoretical modeling of the expansion of hydraulic fractures has proceeded
on three fronts: (i) blanket sand, no leakoff, fracture shape assumed, (ii)
blanket sand, includes leakoff, fracture shape derived, (iii) lenticular sand.

As a continuation of the last annual report, (i) assumes the fracture
perimeter is an ellipse, then solves the governing equations (without leakoff)
to obtain fracture height at the wellbore in two models, FL1 and FL2,for the
case of a payzone bounded by two zones of higher (but equal) minimum in-situ
stress. The two models describe the variation of minimum in-situ stress in the
vertical direction differently. Subsequent modeling in (ii) indicates that the
results here are a good approximation for the case in which the fracture shape
and fluid flow profile are derived, rather than assumed. In a parameter study,
the wellbore height and pressure are investigated as to the way they depend
upon stress contrast between pay and bounding zones, elastic modulus of the
formation (assumed the same in each zone), height of the payzone, and finally,
fracture toughness in the bounding zones. Changes in fracture toughness have
less effect on fracture height and bottomhole pressure than changes in the
other parameters. When fracturing a payzone of less height, the resuits show
that wellbore height and pressure will be greater, and therefore higher bounding
zone stresses would be required to confine the fracture. Similarly, when
fracturing a formation with higher elastic modulus, the results reveal that
wellbore height and pressure will be greater. Finally, there may be
situations when rapid height growth sets in, and the results herein may be
useful to aveid such "divergent'" height behaviour.

To improve the accuracy of the modeling, in (ii) leakoff is included and
the assumption of elliptical fracture shape is discarded. A complete, illustra-

tive solution is given for fracture height, shape, and bottomhole pressure.



The fracture height decreases more-or-less exponentially with distance along
the payzone. The flow rate along the fracture is not far from linear, but has
a finite value at the tip of the long axis. Time profiles of height, length
and bottomhole pressure are given. The length/height ratio increases with
time, from 5 at a = 4000 ft to 24 at a = 3000 ft. Results for C = 0 are a
good approximation to those when C < .001 ft min_l/z, except those that
involve time.

To illustrate bounding zone stresses which are not symmetric about the
payzone, fracture height growth has been estimated in the Cozzette sand (as a
function of pumping parameters),which was to be stimulated in the Multi-Well
Experiment.

The main limitation of the models in (i) and (ii) is that rate of height
growth must be considerably less than rate of length expansion.

Finally, in (iii) some preliminary modeling of fracture expansion in

lenticular gas sands is presented.



I. INTRODUCTION

Vertical hydraulic fractures, used to enhance the release of natural gas,
sometimes reach thousands of feet in length, while extending only a few hundred
feet in height. When a payzone is bounded above and below by zones which have
a substantially higher minimum in-situ stress, conditions are optimal for
restricting a fracture's vertical growth. By theoretically calculating the
height and shape of a fracture, our goal is to study how well higher stress
zones adjacent to a blanket payzone confine the vertical growth.

The modeling, at this stage of development, is subject to certain restric-
tions. The fluid flow is 1D, that is, flow along the direction of the payzone
only. Secondly, the fracture shape, which is geometrically a 3D result, is
based on a 2D elasticity and fracture mechanics approach. However, the advantage
of the present model is its simplicity, and, as compared to a truly 3D approach,
we suspect the predicted fracture height and bottomhole pressure will not be far
from the truth.

The first publication of 3D modeling was by Simonson et al.,1 who estimated
fracture height from the pressure at the wellbore, but did not take account of
actual fracture height in determining pressure. 3D modeling has also been
performed by Cleary,? Settari and Cleary,? and Nolte and Smith.4 The second
paper, which is the most recent, approximates the fluid flow by 1D flow along
the payzone direction plus 1D flow in the vertical direction. The model apparently
has the advantage of less computational time compared with a full 3D solution.

The work of Clifton and Abou-Sayed,® and Sinha® entails such full 3D
modeling (i.e., 3D elasticity and fluid flow equations). The computations are
very complex and, at this stage, are just beginning to be applied to field

cases.



II. MODELING IN BLANKET SANDS - ELLIPTICAL FRACTURE AND NO LEAKOFF

Model FL1

As described previously,7 FL1 approximates the discontinuous jump in
minimum in-situ stress at the top and bottom of the payzone by a y2 variation
(y is the vertical coordinate). The width equation, wo(p), and the pressure
drop equation, p(wo), are then solved simultaneously subject to the condition
that the stress-intensity factor at the wellbore, K,

ib
toughness, Kc' The ensuing solutions for fracture half-height, b, at the

, equal the fracture

wellbore and pressure profile, p(x), depend on the boundary condition, viz.
the net pressure assumed at the tip of the long axis, p,-

The purpose of the vertical y2 variation in stress is to allow the
resulting p(x) profile to be used in conjunction with the results of Shah and
Kobayashi® for an elliptical fracture, in order to find Kia’ the stress-
intensity factor at a. An iteration is performed until Kia = Kc'

Fluid flow equation

The fluid flow equation has been revised from that used previously,’ and it
should be more realistic. The first approximation used is the Poiseuille

aquation® for 1D Newtonian flow along the payzone. With p = p_ - S;, where Py

f

is fluid pressure and S; is the minimum in-situ stress in the payzone:

dp(x) _ -64 q(x) p(x) (1)
dx T wo3(x)h(x)

where the cross-section has been assumed elliptical and with eccentricity of 1.

In actual fact, the eccencricity is not exactly one, and furthermore the cross-

section will be distorted from an elliptical shape because the higher stresses

above and below the payzone will reduce the width in those regions. Nevertheless,

(1) is expected to be a reasonable approximation. q(x) is local flow rate,

which decrerses with x because some fluid is "stored" as the fracture expands,



and some fluid leaks into the surrounding rock. The fluid viscosity, p(x),
will decline with x due to temperature rise and fluid degradation. Following
Nolte,1® we take p(x) = M(0) (1-x/a) and q(x) = q(0) (1-x/a).

The second approximation for the pressure drop equation comes from the
following considerations. In some circumstances, where the bounding layer
stresses are higher than in the payzone, the bulk of the viscous fluid loss may
occur in the payzone (i.e., flow rate greatly restricted in the "wings" above
and below the payzone). In this case the fluid flow, at least when fracture
height, h, >> the payzone height, H, might be better approximated by flow in a
channel of height H and uniform width W which leads to a simple modification
of (1). Of course when h ~ H, the appropriate equation would be (1). If a
linear interpolation is assumed between these two extremes, we have an alterna-
tive fluid equation, referred to as modified (1), which will produce somewhat
different results as explained below.

New Results

As discussed before,’

changes in KC have much less effect on the results
for wellbore height, b, and bottomhole pressure, p{(0), than do changes in

Sg-S; (stress contrast between pay and bounding zone), or E (Young's modulus is
taken to be the same in the bounding zones as in the payzone). Hence we show
here only the effect of the latter. On the left in Figure 1 are b and p(0) as
they vary with fracture half length, a, when the fluid floﬁ is given by equation
(1) above. A representative set of formation and pumping parameters is shown

in the box. The fracture penetrates farther into the higher stress zones when
(a) S2-S; is reduced from 1000 to 300 psi, (b) E is increased from 3 x 10% to 6

x 10°% psi. Secondly, bottomhole pressure increases when (a) S5-S; is increased

from 300 to 1000 psi, and/or (b) E is increased from 3 x 10% to 6 x 10© psi.
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Clearly, the changes are all substantial, and height growth and bottomhole
pressure are strongly dependent on the formation parameters E and S2-5;.

The right-hand side of Figure 1 shows the corresponding results when
modified equation (1) is used for the fluid flow equation. In every case b
and p(0) values ére elevated compared to the left side of the figure,
evidently due to relatively higher p(x) values caused by a flow channel which )
is confined to the payzone. Until 2D fluid flows are incorporated into the
modeling, one could view the left side of Figure 1 as a lower limit, and the
right side as an upper limit of the predicted values.
Model FL2

The main limitation of FL1 is the rather artificial form assumed for the
vertical stress variation. In FL2, as described previously?, the stress
variation is treated exactly as it is : discontinuous. Although this means
the results of Shah and Kobayashi® cannot be utilized, it does not appear to
matter much because the numerical integration used to solve wo(p) and p(wo) is
practically independent of the value P, assumed at the fracture tip (at least
if P, < 100 psi). If we are mainly concerned with fracture height and bottomhole
pressure, the value of Kia appears to be essentially inconsequential, and FL2

must be considered a better model because of the better vertical stress

distribution. Once again an iteration is performed until Ki = Kc’ which leads

b

to a fracture height at the wellbore, and bottomhole pressure.

New Results

Figure 2 shows plots of fracture height and bottomhole pressure as
functions of fracture half-length wﬁen the stresses are actually discontinuous
at the interface between pay and bounding zones. On the left are results for

fluid flow equation (1) while those on the right correspond to equation (1)



00¢

(714 ﬂmonvﬁmlmm uo munmwammm@ s ansse1d a[oquo110q Pue IYBTOH

'C mu.ﬂm..mrm

I =a __.u.awc.H i -3
|do 00g =*'wda o1 =%

moﬂ”XNHU!“OOHHI

00t

Ig-4d

(1sd)

—006

YL

_Xp
y9 dp Joos

€




modified. Again, all values on the rightvare elevated above those on the
left.

On the left of Figure 2, the results for S,-S; = 1000 psi match closely
those on the left in Figure 1, which implies that when using fluid flow law
(1), the fracture height and pressure, at least for high stress contrasts
(8281 ~ 1000 psi), are no different for the two separate ways of modeling the
variation of stress contrast with vertical height, y. This is not true when
the fluid flow is given by equation (1) modified.

As expected, Figure 2 also shows a strong dependence of fracture height
and pressure on stress contrast. On the right side of Figure 2, but not on
the left, as S3-S; decreases towards 500 psi, a rapid growth of fracture height
sets in. This "divergence' is probably due to the fact that after the fracture
has expanded well into the bounding zones, the effective confining stress has
reached an asymptotic limit, and a small increase in fluid pressure (due to a
longer fluid flow path) gives rise to a relatively large increase in height.
‘This behavior lies in contrast to the FL1 results in Figure 1 which do not
reveal such divergence, presumably due to the y2 variation in vertical stress,
which would tend to increase the effective confining stress.

The divergent behavior does not appear in the left side of Figure 2
either, probably because the fluid flows through the entire vertical section
of the fracture, and this reduces the pressure build-up away from the tip of
the payzone axis. If it turns out that the right side of Figure 2 is closer
to the truth, results such as this may be useful in defining "safe" limits on
M(0) and q(0) in order to avoid the rapid height growth behaviour.

To see how things change when the payzone height is different, Figure 3
shows results for the same situation as in Figure 2, except that H is

decreased from 100 ft to 75 ft. The bottomhole pressure is considerably
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greater, because dp/dx is greater in a smaller flow channel. A marked increase
also appears in the rate of height growth on the right side of Figure 3, as
compared with Figure 2. A thinner payzone gives higher fluid pressures, and
implies a greater stress contrast is needed to confine the fracture.

Next, Figure 4 illustrates the effect that a different E (taken to be the
same in pay and bounding zones) would have on the results. The parameters of
Figure 2 are unchanged, except that E is increased to 6 x 108 psi. The effect
of doubling E is even greater than the effect of height reduction from 100 to
75 ft. Fracture pressures are elevated and, on the right side, rapid height
growth is in evidence at S,-S; = 850 psi, compared with only 500 psi in Figure 2.

Finally, it is important to ask what effect changing KC in the bounding
layers has on fracture behavior. In Figure 5 we show results which are based
on the parameters of Figure 2, except that KC is increased from 2 x 108 to
4 x 108 d/cm3/2. There is not a great deal of difference - the bottomhole
pressures in Figures 2 and 5 are almost the same. The biggest difference is in
the fracture heights at low stress contrasts. For example, the heights for
S2-5; = 500 psi in Figure 5 are almost identical to those for S2-53 = 550 psi
in Figure 2. It is clear that stress contrast, Young's modulus, and payzone
height have a much greater effect on fracture propagation than does fracture

toughness.

IIT MODELING IN BLANKET SAND - LEAKOFF INCLUDED AND FRACTURE SHAPE NOT ASSUMED

The Equations

The geometry and principal parameters are shown in Figure 6 for the case

in which the fracture shape is derived from the modeling. When the fracture

11



*S3TNSd

1 U0 7 JU2I9IITP JO 309334 ‘4 2aIn8Ig

(1)e
000¢ 0002 0001
I 1 I

000€
T

00T

00¢€

000¢ 0001
T

274 1300W
H.na_ﬁamoﬁxm”nu
do gog =7 ‘wdq o1 =%

g0T x € = °% j00T = H

HL _ Xp U4 _Xp
¥9 dp ¥9 dp

006G

—009

(1sd) Tg-44

—00<.

-1008

12



001

*sjynsax nouM gurdueys Jo 3093JY °G 2aAnIIJ

(13)e (1)e
000€ 000¢ 0001 000€ 000¢ 0001
] | 1 4 | 1
000T = 'S-2S
00L = 'S-°S

Zg

214 1300w
T=a __mamoﬁ x € =3
do gog =%wdq o1 =%

g0l x ¥ = 2% ;00T = H

—00¢

—00v

(1sd) Tg-4

—006

-1009

13



-pouTwialep ST =deys 9In3ideIy YITYM UL TIpou UL siojsuweied J2FTseq 3urmoys Uo19Ng

A

aloqj|am

‘g 2aIn3T4g

auozAed

14



shape is assumed, just replace the shape in Figure 6 by an ellipse. The

equations controlling fracture expansion are:

1. The equation for fracture opening or width, w. As described in Appendix A,
the fracture is represented by a series of 2D line cracks in\vertical
sections (a good approximation if the fracture is elongated with a
length/height aspect ratio > 5). In this case LA the maximum width of
a vertical section, is a function of net fluid pressure, p, and height,

h, of the vertical section. Both p and h, of course, are functions of

distance, x, along the payzone.

w (%) = £1[p(x), h(x)] (2)

2. The equation for pressure drop due to flow of viscous fluids in the
fracture. If we assume 1D Newtonian flow along the payzone, the pressure
drop with distance is a function of the maximum width and height of the
vertical section at that point, as well as the fluid flow rate, q(x) (see

Appendix A):

dp(x 3
B = ¢, v @), b, a0 3)
3. The criterion for fracture expansion. From fracture mechanics, we take

the criterion Ki = KC, where Ki is stress intensity factor at the tip of
a vertical section, and KC is fracture toughness. For quasi-static
vertical expansion, the result, as Appendix A shows, is a direct relation

between p and h

15



p(x) = f3[h(x)] (4)

The equation of continuity. The change in flow rate, q(x,t), with x
equals the rate of fluid leakoff to surrounding rock, A(x,t), plus the

rate of fluid "storage'" as the fracture expands in volume, dA(x,t)/dt.

_dgdix,t) = A (x,t) + dA éz,t) (5)

We employ the classical rate of fluid leakoff (e.g.!1)

2HC

A (x,t) = == (6)

where C is fluid loss coefficient, and T the time at which leakoff begins

at a point x. Spurt loss is not included.

Method of Solution

For a given q(x), the equations (2), (3), (4) above are three equations

in three unknowns: h, p, W By differentiating (4) with respect to x, the

equations may be combined into a single, ordinary, first-order, first-degree

differential equation in h(x), as described in Appendix A. The equation can be

solved by the standard fourth-order Runge-Kutta technique. The equation is

integrated with respect to x, starting at the tip of the long axis of the

fracture and working back to the wellbore (the two wings of the fracture are

assumed symmetric). The result is a fracture shape and internal pressure

profile.

The boundary condition at the tip of the long axis is simply a specified

value of h. We take h to be slightly greater than the payzone height, H. The

chosen value of h implies from equation (4) a particular value for pressure at

16



the fracture tip. However, (4) is based upon a 2D representation of Ki =K,

whereas in actual fact the proximity of the fracture tip will alter p. A 3D
calculation needs to be made for w and p near the fracture tip, but this is not
easy. Fortunately, it does not matter, for the nature of the differential
equation (in h or p) is such that whatever value of p is chosen at the tip, at
least in the range 0 to 100 psi, the consequent value of p at the wellbore is
essentially the same. In other words the wellbore pressure (and height) is
independent of the details of pressure (and height) of the fracture at the tip
of the long axis (including the near-tip region of zero fluid pressure). Thus,
if our primary interest lies in fracture shape and pressure away from the tip
of the long axis, we are justified in choosing h Z H at the tip as the boundary
condition.

In the solution for h(x) and p(x) described immediately above, a function
for q(x) needs to be assumed in equation (3). However, the leakoff equation
(5) must also be satisfied by this q(x).

First, h{(x) and p(x), and therefore wo(x), are computed for a given
fracture length a. From the width we compute area and volume of each vertical
section of the fracture, and therefore the total fracture volume. Second, a
similar solution is obtained for a fracture length a + da. By subtraction, we
have dA in each vertical section. The rate of leakoff, A, is monitored for it
appears directly in (5), and the total amount of fluid which has leaked off is
computed, in addition to the fracture volume itself, to find the total times
corresponding to the two fractures of length a and a + da, and hence dt can be
found. Equation (5) then gives dq/dx, and therefore q(x). This "output" flow
rate q(x) must be consistent with the "input" flow rate assumed in equation
(3). If not, the input ¢(x) is adjusted and the cycle repeated until q(x)

converges.

17



A second iteration is required to satisfy equation (5), since before we
can even use A to calculate an output q(x) from (5), we need to assume values
for 1(x), the time at which leakoff begins at an arbitrary point x. This simply
means we have to assume an "input" a(t) before we can iterate om q(x). The
"output" a(t) comes from the times computed from the solution for several
different fracture lengths, as described above.

If the input and output a(t) do not match, the input is adjusted, and the
cycle repeated until they do. In practice, a power law function, a(t) « tn,
is assumed initially, then later the single power-law is replaced by twoe (or
more) power-laws, for example

-]
ag (£) « ™ t <ty

ap (t) o« t"2 t >ty

which have a common value at t = ty. This is needed because in general a

single power-law will be inadequate for the solution of a(t).

J1llustrative Result

As illustrated in Figure 6, the results of this section are restricted to
the case in which the bounding layer stresses, S,, are symmetrical about the
payzone. In addition, there is no modulus contrast between pay and bounding

zones. Newtonian flow is assumed. The following parameters have been used:

H = 100 ft S, - S; = 550 psi
K, = 1818 1b in™3/2 E =3 x 10® psi
v = 0.1 Q = 20 bpm (2 wings)

u(0) = 300 cp C

.000635 ft min~1/2

The C value is an average of the tight sand values derived by Nolte.1©

18
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Figure 7 (a) displays the fracture shape. It has a more-or-less
exponential form with distance along the payzone. The "corners" at x = 0
(where the two symmetrical wings meet) and at x = a (where the fracture tip is
squared off) are unrealistic: proper accounting of 3D effects will remove
these, as discussed later. The pressure profile and flow rate as functions
of x are shown in Figure 7 (b) and (c). The flow rate is not far from linear
here, but has a finite value at the tip of the long axis.

In Figure 8 (a) is shown how the bottomhole pressure increases with time,
as the fracture expands farther into the higher stress zones. The height of
the fracture at the wellbore is plotted as a function of time in Figure 8 (b).
The fracture expansion rate, a(t), is displayed in Figure 8 (c). In this case
we restrict a(t) to two power-law segments, as described above, although more
segments could be used.

Finally, Figure 9 indicates how the length/height aspect ratio changes as
the fracture grows. It increases from 5 to 24 as the length increases from
400 to 3000 ft.

It is clear from these figures that the results for C = 0 are quite a
good approximatidn to those for C < .0007 ft. min_l/z, except in Figure 8
which involves time. It appears that leakoff effects (at small C) have only a
small effect on q(x), and therefore on p and h, but a more substantial effect
on time because the total volume leaked off can be a substantial fraction of
the volume of liquid still in the fracture. For example, at a = 1000 ft, the
difference in times for the leakoff and no-leakoff results of Figure 8 (c)
is roughly a factor of 1.4, implying the volume leaked off is 40 percent of the

volume remaining in the fracture.
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Extension to Asymmetric Stresses and Vertical Gradients of Fluid Pressure and

Stress

In general, the bounding layer stresses will not be symmetric about the
payzone, and furthermore both the minimum in-situ stress and the fluid pressure
will vary approximately linearly with depth. To modify the present fracture
model to this situation, Ki has to be computed at the top and bottom of each
vertical section of the fracture. This is straightforward, as Appendix B shows.

However, the fracture width computation for each (2D) vertical section is
a much more difficult task, as summarized in Appendix C. In particular, it
requires lengthy computer calculations to find the width as a function of
height, in order to obtain the maximum width, W At the time of writing, the
width calculations have been implemented, but the computer running time is long,
and we are searching for ways to reduce it.

One way to reduce the computations in cases where S, and S3, the bounding
layer stresses, are not too different, is to assume that the maximum width,

W, occurs at the center of the vertical section. In this case the width

computations are much simpler, as shown in Appendix C.

Prediction of Fracture Height in Cozzette Sand

As an example of this we calculate the fracture height expected from a
stimulation of the Cozzette sand just above 8000 ft in the upper Mesaverde
formation at the Multi-Well Experiment (MWX) site in Garfield County, Colorado.

As shown in Figure 10, the upper Cozzette is bounded by Mancos shale at
7820 ft, which in all probability has a higher minimum in-situ stress (the
minimum stress in the shale below 8000 ft exceeds that in the lower Cozzette
by more than 1000 psi). In the Cozzette are two features important to the

stimulation: (i) a coal seam at 7940 ft which could bias the investigation
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of gas production from the sand, and (ii) a high-stress stringer near 7925 ft
which could stop a fracture originating in the upper Cozzette from reaching
the coal seam.

Stress information obtained from mini-frac measurements,!? is summarized
by the fracture gradients (FG) thus: in the region 7894 - 7970 ft FG is
approximately 0.86, in 8014 - 8060 ft FG is 1.02. However, at 7923 ft, the
behavibr indicated a dual shut-in pressure, with FG 0.98 and 0.86. The inter-

pretation given!?

was that the mini-frac started in a low stress region, before
expanding into higher stress regions above and below. The height of the
high-stress stringer(s) is unknown, although one estimatel3 made was 19 ft.

A fracture which originates in the upper Cozzette will be restricted in
its vertical growth by the Mancos shale above and by the stringer near 7925 ft
below. By assuming the high-stress stringer(s) starts at 7915 ft (roughly
midway between the beginning of the silt/shale/sand region and the dual closure
measurement) and by assuming the stringer extends down to infinity, we can
calculate the penetration into the stringer as a function of pumping parameters.

The fracture modeling is based on the stresses obtained from the mini-~
fracs. Derived stress contrasts and gradients, along with other parameters,
are given in Table 1. Newtonian flow is assumed.

In obtaining flow rate, q(x), convergence, each vertical cross-section of
the fracture was assumed to be elliptical in shape. In actual fact it is not,
but the difference is expected to be small. Leakoff has not been included in
the modeling here, but for the low C values of this region this should have
little effect on the height and bottomhole pressure, as demonstrated by Figure 7.

On Figure 10 is shown the perimeter of frac 1, corresponding to Q = 20 bpm,
M(0) = 300 cp. The fracture extends 37' into the high-stress stfinger at the

wellbore, and the bottomhole pressure is 619 psi (above minimum stress). The

28



Table 1
Parameters used in Modeling the Cozzette Sand Stimulation

a = 1000 ft (the desired half-length)

S3-S; = 7740-6850 = 890 psi (stress contrast at lower barrier from dual

closure measurements)

52-51 = 7976-6764 = 1212 psi (stress contrast at upper barrier from .865
psi/ft gradient measured in Cozzette and 1.02 psi/ft in Mancos -
assumed same as measured in shales at 8000 ft)

S gradient = .865 psi/ft in Cozzette (measured)

1.02 psi/ft in Mancos (assumed)
.98 psi/ft in stringer (measured)
Pg gradient = .43 psi/ft (water base)
H'= 95 ft (7820 to 7915 ft - this allows that high-stress stringer may
begin 10 ft above dual closure measurement)
= 1818 1b in"3/2 (assumed)
5 x 108 psi (inferred from cores, assumed same in all zones)
.22 (inferred from cores, assumed same in all zones)
p(0) pumping parameters varied in the following combinations (20 bpm,
300 cp), (10 bpm, 100 cp), (5 bpm, 50 cp).

nn

K
EC
v
Q,
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maximum fracture width is .81 cm. Stating the result in another way, if there
were 37 integrated feet of high-stress stringer above the coal seam, it would
prevent the fracture from hitting the seam (however, between 7900 and 7940 ft
there is unlikely to be 37 ft of high~-stress material). Note that the 37 ft
result is only slightly altered if the stringer is assumed to begin at 7900 or
7925 ft. Finally, the height at the wellbore will actually be slightly less
than 37 ft because the abrupt angle formed at the wellbore by the fracture
perimeter and its mirror image will be "smoothed-out" by 3D effects neglected
in our modeling.

In contrast, when Q is reduced to 5 bpm, and p(d) to 50 cp, penetration into
the high-stress stringer is only 6 ft (also shown in Figure 10). The bottomhole
pressure is 323 psi, and the maximum fracture width is .37 cm.

A summary of the results is given in Figure 11, which shows how the
penetration into the high-stress stringer(s) depends on the product of pumping
rate, Q, and viscosity, p{0). The figure also shows how bottomhole pressure and
maximum width depend on Qu. The preliminary conclusion is that it may be
possible to stop a 1000 ft fracture from reaching the coal seam. It depends
mostly on the integrated thickness of the high-stress stringer(s) above the
coal seam. For example, if it were 15 ft thick, pumping rates less than 12 bpm
and viscosities less than 100 cp would stop the fracture (see Figure 11). 1If
the stringer were 25 ft thick, a Qu product close to 3000 would be possible,

without hitting the coal seam (e.g., Q = 10 bpm, p(0) = 300 cp).

Limitations of the Modeling

1. Equation (4), as shown in Appendix A, is based on the static limit for
fluid flow in the vertical direction. When fluid flow rates become

substantial, the result departs from the static limit (e.g., see Abe,
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et al.!%) and the formulation becomes s0 complicated that numerical
techniques need to be employed. Our modeling therefore applies in the
case of relatively’slow height expansion, or dh/dt << da/dt.
The general fracture shape has '"corners" at the wellbore where the two
wings meet and at the tip of the long axis. These are artificial - the
result of neglect of 3D effects in the modeling. For example, if equation
(4) were modified by an appropriate 3D correction factor for Ki’ the
"corner" at the wellbore would be smoothed out. Similarly it should be
possible to "round out" the tip of the long axis. However, our experience
indicates that height and pressure at the wellbore are unlikely to change
much, because they are not strongly dependent on the details of the fracture
shape.

An interesting question is whether such modifications will remove the
concavity in the fracture shape presently visible in Figure 7 (a). It
has been suggested!3 that all such concavity is an artifice of the 2D
aspects of the modeling.
The fluid behavior has been approximated by 1D flow along the payzone
direction. We have assumed the flow through each vertical section to be
the classical case of viscous, Newtonian flow through an elliptical pipe
of height, h, and maximum width, v In actual fact, the higher stresses
in the bounding layers distort the cross-section from an elliptical shape.
The solution appears to be to adapt equation (3) to the shape of each
vertical section in the fracture.
Another limitation is the neglect of 2D fluid flows. Since the fracture
is expanding vertically, there will be a component of flow in this direc-
tion and equation (3) will have to be modified. However, for our situation

of dh/dt << da/dt, the difference should not be great.
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5. Newtonian flow is assumed, but it should not be difficult to adapt the
fluid flow equation to non-Newtonian.

6. When the payzone height, H, is small, the fluid pressure becomes too high
to satisfy the quasi~static Ki = KC formulation used. It seems that in
such cases the high pressure drives the vertical fracture expansion so

rapidly that the quasi-static Ki = KC is inadequate (see 1. above).

IV PRELIMINARY MODELING IN LENTICULAR SANDS

In the Piceance basin, a sandstone lens typically has a thickness of < 50
ft, width < 400 ft, length a few thousand feet, and is crescent-shaped.20 Even
if the minimum in-situ stress is horizontal and in a constant direction
(conditions seemingly favorable for a vertical fracture to stay in its own
plane), there are a large number of possible geometries for a fracture inter-
secting a lens.

Two of the simplest scenarios are shown in Figure 12. We assume the lens
is horizontal, and has a rectangular shape in its vertical section, but is of
limited length. While KC and E are assumed the same in the lens and surrounding
shale, allowance is made for a stress contrast S, - S;. In (a) the fracture is
initiated at the center of the lens. In (b) the fracture begins in shale, but
then intersects two identical lenses situated symmetrically some distance on
each side of the wellbore. In both cases, everything is symmetrical about the
X and y axes. Furthermore, any effects associated with the fracture crossing
the interface between lens and shale are ignored.

Here we focus attention on Figure 12 (b). The fracture will be roughly
circular, if the perforated interval is small, until it reaches the lens. In
this case, the equations of Abe et al.? can be used to find the bottomhole

pressure. Thereafter, the lower stress in the lens should encourage preferential
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propagation down each lens. Now, if the horizontal stiffness could

be neglected for the moment, there would be a discontinuous decrease in
fracture height at the lens due to the discontinuous change in stress and
therefore net pressure there (this would have to be so if Ki were to be the
same on each side of the lens). Following this line of thought, we model the
fracture height variation near the start of the lens by a discontinuity, even
when horizontal stiffness is included. This and the other portions of assumed
fracture shape, are shown in Figure 13.

If the preferential propagation of the fracture down the lens modifies the
flow to be approximately linear, then we can use the same p(w) equation as in
the blanket sand case. Furthermore, even though the horizontal stiffness will
not allow a discontinuous change in fracture width‘at X = RQ, we can try the
vertical 2D line crack representation as a first-order approximation to w(p).

A more accurate w(p) in this complicated geometry would require a numerical
computation. Using model FL2, and starting with the boundary condition p(a) = 0,

we can now solve for p(x) back to x = R, for a given fracture height d at R

L 2 -

Finally, we can solve for p(x) back to x = 0 subject to the boundary condition

Kib = KC.
To roughly account for the effect of horizontal stiffness on Kib’ two
extremes are considered: (i) b = d, in which case Kib is based on that for a

line crack in a vertical section at x = 0. In the manner of a blanket sand

we assume at the wellbore that the stress changes at a depth corresponding to
the top and bottom of the lenses. In the region between the lenses we define
an effective stress (in place of S;). This effective S; is taken to be the
average of S; and S; weighted by distance along the x axis, to account for the
influence of the adjacent lenses, where higher net pressures will act to

increase Ki at x = 0 above that for a line crack. Above and below the lenses,

b
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and still at the wellbore, we assume the stress is S2. (ii) b > > d, in which
case Kib will be influenced more by the neighboring vertical "walls" at
x = % Ré, than by fracture extent in the lenses. We take Kib to be equal to
that for a rectangular crack!® of short side ZRE and pressure p(0) = pf(O) - Sso.
Now we extrapolate between the extremes (i) and (ii), using an exponential
function, to find Kib for a given b.

One set of results is portrayed in Figure 14. The stress contrast is
100 psi, the height of the lens is 50 ft., RQ = 100 ft., and fracture half-length
a = 500 ft. It can be seen that Kib = KC = 3 x 108 d/cm3/2, for instance, can
be satisfied by various combinations of b and d. In fact, b decreases as d
increases, and obviously the condition Ki = KC needs to be applied at some
other point on the fracture perimeter (points d or f in Figure 13 would be good
candidates).

Since a convex "cornmer" such as that at d would tend to have a high value
of Ki’ this would tend to force ‘d towards the higher end of its range in
Figure 14. Thus, in the absence of another Ki = KC condition, the asymptotic
limits (for large d) of half-height b and bottomhole pressure might be the
most likely values.

The curves for Kib = KC = 4 x 108 d/cm3/2 wbuld indicate a lower fracture
height but a greater bottomhole pressure, as compared with Ki = KC =3 x 108

b
d/cm3/2. The asymptotic fracture heights in these two cases would imply aspect
ratios o = 2.6 - 3.8.
These results are really only qualitative, but are a first step towards
modeling fracture propagation in lenticular gas sands. Clearly, better width

and flow equations, as well as application of Ki = KC to other points « the

fracture perimeter, are needed.
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A CONCLUSION

Computer codes for models FL1 and FL2 are available?.

We have described models for hydraulic fracture expansion in blanket sands
bounded by zones of higher, but equal, minimum in-situ stresses. The models are
3D in the sense that fracture height is not constant with distance along the
payzone. However, the fluid flow is limited to 1D flow in the direction of the
payzone. The models first discussed assume an elliptical fracture shape, then
solve the width and pressure equations, subject to the fracture criterion Ki =
KC at one or two points on the fracture perimeter, to obtain height and pressure
at the wellbore.

Due to the approximations used, the principal limitation of the modeling is
that the fracture be elongated (length/height ratio > 5), that is, the rate of
height growth be much less than the rate of length expansion.

It is found that wellbore height and pressure are almost independent of the
details of fracture height and pressure (and therefore Ki) at the tip of the
long axis (including the near tip "vacuum" region).

Although leakoff has been neglected here, subsequeﬁt modeling results with
it show that for leakoff céefficients C < .001 ft min~!/? the results herein
are abgood approximation to the case when leakoff is included. The other
results also show that our assumed form for q(x) = q(0) (1-x/a) is an adequate
approximation to the actual q(x) which comes out of the full solution with
leakoff. Wellbore height and pressure are not very sensitive to this q(x)
difference.

Similarly, subsequent modeling in which Ki = Kc is satisfied at many
points around the fracture perimeter (instead of just one or two here) indicates
that the results herein for wellbore height and Pressure are a good approximation.

Evidently the height and pressure are not very sensitive to the details of
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fracture shape.

Through a parameter study, the comparative effects of stress contrast,
payzone height, elastic modulus (assumed same in pay and bounding zones), and
fracture toughness have been examined for their influence on wellbore height
and pressure. Changing the fracture toughness in the bounding zones by a
factor of 2 has much less effect than changing any of the other parameters by a
factor of 2.

When fracturing a payzone of less height, the results of Figure 2 and 3
indicate that the wellbore height and pressure will be greater, and therefore
higher bounding zone stresses will be required to confine the fracture.

Similarly, when fracturing a formation with higher elastic modulus,
Figures 2 and 4 reveal that the wellbore height and pressure will be greater.

Two different forms for the fluid flow are assumed in the models: (i) the
fluid flows through the entire vertical section, (ii) the bulk of the flow and
viscous loss occurs in the payzone, not in the "wings.” 1In the latter case
there are situations when rapid height growth sets in, and becomes conspicuous
as the confining stresses are reduced. The results of this paper may be useful
in controlling the pumping parameters, for example, to avoid such "divergent'
height behavior.

We have also developed a model of hydraulic fracture expansion which can
predict height growth and bottomhole pressure behavior as a function of time
when the fracture shape is not assumed, and when leakoff is included. Again,
the main limitation is that the height growth must be slow compared with the
length extension. At present the model works in a three-layer case in which
the higher bounding stresses are symmetric about the payzone. Illustrative
results have been presented. The fracture height decreases more-or-less

exponentially with distance along the payzone. The "corners" at the wellbore
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and the tip of the long axis are artifici;I: proper accounting of 3D elasticity
should smooth these out. The flow rate along the fracture is not far from
linear in this example, but has a finite value at the tip of the long axis.

How bottomhole pressure, fracture height, and fracture length increase with
time is illustrated. The length/height ratio of the fracture increases, as the
fracture grows, from 5 at a = 400 ft to 24 at a = 3000 ft. It may be concluded
that the results for C = 0 are a good approximation to those for C < .001 ft
min~1/2 except where the results involve time. Apparently this is because
leakoff has a minimal effect on q(x),which determines pressure and height, but
a substantial effect on time because the total volume leaked off can be a
substantial fraction of the volume of fluid in the fracture.

The model for bounding zone stresses symmetric about the payzone is being
extended to the case in which the stresses are asymmetric. Meanwhile, an
approximate solution is available when the asymmetric bounding stresses are not
too different, but leakoff is not included. This has been used to estimate
fracture height growth in the Cozzette sand which was planned to be stimulated
as part of the Multi-Well Experiment. In particular, whether the fracture
would penetrate a coal seam was investigated as a function of pumping parameters.

Finally, a simple lenticular scenario is explored in which a fracture,
initiated between two lenses, then fractures each lens. The investigation is
only preliminary because horizontal elastic stiffness is ignored, although it
really cannot be. However, the discussion does illustrate one approach to the
problem of stimulating an individual lens, and we believe this approach will

be fruitful.
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Nomenclature

a = fracture half-length

b = fracture half-height at wellbore

C = leakoff coefficient

E = Young's modulus

£, = fractional extent of 2D line crack
91 = H/h

h = fracture height

H = payzone height

Ki = stress intensity factor

KC = fracture toughness

p = fluid viscosity

v = Poisson's ratio

£ = half-height of 2D line crack

pf = fluid pressure
P =P - S = net fluid pressure

P, = net bottomhole pressure

Po1, Po2, Pos = vertical net pressure gradients in three zones

H

q flow rate (one wing)

Q inlet flow rate (both wings)

S; = minimum in-situ stress in payzone

Sg, S3 = minimum in-situ stresses in bounding layers

t = time

1(x) = time at which fracture reaches x and leakoff begins
w(fg) = width of 2D crack in vertical section

w = maximum width of crack in vertical section
Q .

X horizontal distance along payzone

«
!

= vertical distance along 2D line crack
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Appendix A

Details of solution for h(x) and p(x)

1. Width equation

For bounding-layer stresses which are symmetrical about the payzone and

for elongated fractures (e.g., see Figure 6), the width equation for a 2D line

crack in each vertical section isl®

i £,

,2):—,@—*[ T;g—d-g;f

2

Jf:ff% = (A1)
1

where f;, fo and f2 = y/& are fractions of the vertical half-height, £, of the

crack. Now with

p(y) ={p, - 5 lyl < H/2

P - Sz lyl > H/2

equation (Al) leads to

nE w(fp) f df n
SohaT3) J [ (pg-S1)]
i f 1
v | Adfa T gy -2 (-2—l) c~——>]} (A2) -
sz—fR 2 (P51 n 'p.-S
Y
21

where f21 = H/h, and £ has been replaced by h/2. This can be solved numerically

for any w(fz) or w(y). To obtain an analytic expression for W= w(0), set

f2 = 0, which leads tol7:

v (x) = 2(1-v2)
(o]

22 hGo Gy - SD)
-1 _f2,
- [1 - E (Eijgl) {cos (f,1) - £5 n (1ilg£;£i)}]

(A3)
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In this equation, wo(x), along with h, and p = p_. - S4, is a function of

f
distance, x, along the fracture. Finally, this equation assumes h > H. If

h < H, the pertinent equation for wo(x) is obtained by setting Sp = S§;.

2. Pressure drop equation

For 1D Newtonian flow along the payzone, the Poiseuille equation9 with

P = P~ 51, is

dp(x) _ =64 q(x) p(x) (a4)
dx Tt wg(x)h(x)

as described under equation (1) in the text. The fluid viscosity, u(x), will
decline with x due to temperature rise and fluid degradation. Following

Nolte,10 we take p(x) = p(0) (1-x/a).

3. Fracture expansion criterion

The stress intensity factor for a 2D line crack of half-length £ is given

by18

1 2 Lty %

— ]

Ki T {2 p(y) (B-y) dy

For relatively slow vertical expansion, p(y) will be approximately as given

above under 1. (di.e., Pe does not vary with y and the near-tip region of zero

Pe is neglected), and Ki becomes, with £ replaced by h/2.

_ - h _
Ki = (Pf S1) Jag‘[l

=R

S2-5 - H
(Z2—1) cos™t ()] (A5)
PS5 h

f
Again h, Py - S,1, and therefore Ki are functions of distance, x. By insisting
Ki = KC, we obtain equation (3) in the text. If h < H, the appropriate equation

is found by setting S, = Sq.
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To obtain, from the above equations, the differential equation for h(x),
first make Pe - S,1 the subject of (A5), then differentiate with respect to x.

Writing p = Pe - S1, this gives:

dp _ -dh Kc 2 _ H/h
dx dx ‘J2m ns’2 n (52 Sl)QZh?—Hi‘ ]

Equating this to (A4) gives
dh(x) _ 64 q(x) 'g(X) (A6)
dx T e(x)wl(x)

K
~.C

where e(x) =J§EE - % (52‘51)J52:ﬁ?

and wo(x) is given by (A3). Again, this equation is for the case h > H, but
for h < H, simply set S, = S;. (A6) is the equation to be solved by the Runge-
Kutta method to obtain fracture shape, h(x), and therefore pressure profile,

p(x), via equation (A5).

Appendix B

Fracture expansion criterion for asymmetric stresses and vertical gradients

in stress and fluid pressure
\

L#t us assume the conditions are such that because Sz > Sp the fracture

-expands farther up than down. The situation is illustrated in Figure 15.
It is convenient to work in a new frame of reference (we still use the
coordinate y), which has as origin the center of the vertical fracture section.

The héﬁf—length of the 2D crack is then £ = (b + ¢)/2, where both b and c are

;
positive.
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The net pressure is defined by

'P2 - Poz ¥ -4 <y <ys3

p(y) = P1 - Po1 ¥ V3 <y < yq (B1)
P3 =~ Pos ¥V Va <y< 4

where y3, y4 can be expressed in terms of b, ¢, and H. pgi1, poz, Pos come from
the vertical gradients (assumed linear) of minimum in-situ stress and fluid
pressure. pj, pz, Pz can be expressed in terms of p(x), the unknown pressure
at the center of the payzone, and poi, Poz, Poz, S2 - S;, and S3 - S1.

To calculate Kic’ the stress intensity factor at ¢, the first equation

for Ki in Appendix A is adapted as follows:

V3 Va £ 1
2+
K =T+ [+ ey GD%ay (B2)
L y3 va v

with p (y) given by (B1). Actually, (B2) applies to the case b and c¢ both > H/2,
and for b or ¢ < H/2 it needs to be modified.

Kib’ the stress intensity factor at b, is found in the same way, using
the same formula as for Kic’ except that the y coordinate system is reversed,

with +£ at the b tip and -£ at the ¢ tip.
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Appendix C

Width equation for asymmetric stresses

Following England and Greenl®, Daneshy!® gives the width as

L
16(1-v2 F(t)+yG(t
w(y) = - __ﬁﬁ_ﬁ_l I e . dt (C1)
- [yl

t
_ct C O£y d
where F(t) = o I J%%%§§X§
o
t
_ -1 (y) d
and G(t) = Tt g Xﬁz%j;gX‘

Here f(y) and g(y) are even and odd functions which, added together, give p(y).
Given p(y), as in (B1) for example, we can compute f(y) and g(y), and then by
numerical integration, find w(y).

The procedure has to be modified a little if the center of the fracture
moves out of the payzone -- it makes a difference to f(y) and g(y). When the
fracture is not too asymmetric with respect to the payzone (i.e., when S; and
Sg are not too different and when the gradients in S and P, are not too large),
an approximation to the maximum width, W, can be found by assuming it occurs

at the center of the crack, at y = 0. In this case, (Cl) becomes

v2y %
w(y = TI6ATD P W
t
with F(t) = = f £Gy) dy

H

and an analytic formulation for w w(0) becomes possible. This greatly
simplifies the computation of h(x) and p(x), and we utilize this approximation

in modeling the stimulation of the Cozzette sand described in the text.
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Appendix D

How to run program FL5

1. Program description

FLS is a fracture simulator in which fracture height is self-determined.
It is an extension of program FL2, described previously,”? in that the flow
rate variation, q(x), is internally consistent, and leakoff has been incorpor-
ated. The program solves simultaneously the width equation, w(p), the pressure
drop equation, p(w), and the fracture expansion criterion, Ki = Kc' By solving
these equations at each point x along the payzone axis, a fracture shape h(x),
and pressure profile, p(x), are obtained for a given fracture half-length, a.
The boundary condition we assume is that the fracture height near the tip of
the payzone axis (x = a) is a little greater than the payzone height.

However, the flow rate assumed in this computation must be consistent
with the equation of continuity, and the main program contains an iteration to
ensure this. Furthermore, another iteration, involving the rate of fracture
length expansion, is required to satisfy the continuity equation, and this is
also performed in the main program. The result is a length expansion rate,
a(t), height growth rate, h(t), and bottomhole pressure increase p(t) for the

case of a blanket sand bounded by zones of higher (but equal) minimum in-situ

stress.
>2. Program Listing
Main Progrém _ - Subroutines Functions
FL5 VLTQ FUN
QTEST ACOS
WIDTH ASIN
RK2 ' RNUMINT
FUNCTN
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Operating Mode

Automated

Language

Fortran IV

Program developed on

Data General Eclipse

Total CP time

5 minutes

Input Parameters

~2_SELECTS CALCULATIONS, ONE=TIME, TWO=TIME AND Q, THREE=NEITHER

1 TWRITE FLAG USED TO SELECT OUTPUT
200000000. KCB{CGS) FRACTURE TOUGHNESS

100.0 HZ (FT) PAYZONE HEIGHT

10.0 QIN(BPM) INPUT FLOW RATE

300.0 RMU(CP) VISCOSITY

3000000. EMOD(PSI) YOUNG'S MODULUS

0.1 RNU POISSON'S RATIO

550.0 S2MS1(PSI) STRESS CONTRAST - MUST BE SYMMETRICAL
400.0 A1(FT) THESE  ARE FRACTURE HALF LENGTHS WHICH WILL

1000.0 A2 (FT) CONSTITUTE L(T)
3000.0 A4(FT)

.0025 LEAKC(CGS) LEAKOFF COEFFICIENT
10.0 DFT(%) PERCENT DIFFERENCE IN L(T) FIRST ESTIMATE

7 IRUNZ IRUNZ = 7 » ONE ITERATION WITH TWO LINE SEGMENTS

1.0 Q1 QX AT XA = ZERO Q1 Q2 Q3 ARE USED TO CALC INPUT FLOW RATE
0.2 Q2 QX AT XA = NINE TENTHS
0:1 Q3 QX AT XA = ONE

1_SELECTS OPTION TO RECOMPUTE AND LIST ALL KI'S FOR CHECKING PURPOSES



20.0 PERCENTAGE FOR QX CONVERGENCE

440-NDIV # OF DIVISIONS TO SPLIT FRACTURE INTO(LENGTHWISE)

0.999 XAZ XA POSITION AT WHICH NUMERICAL INTEGRATION BEGINS

999.0 YZP(PSI) PRESSURE AT FRACTURE TIP (DUMMY VALUE NOT USED IN CALCN)
11_N # OF SEGMENTS FRACTURE WING IS SPLIT INTO(LENGTHWISE)

1_NRES

5_MFAC MULT FACTOR USED TO MAKE CALCN AT THE FRACTURE TIP MORE ACCURATE
20_NODIV 3# OF STEPS FOR NUMERICAL INTEGRATION

5_NUMWID # OF WIDTH CALCULATIONS IN EACH VERTICAL FRACTURE SECTION

1.023 HSTART/HZ STARTING HEIGHT OF FRAC ABOVE CENTER OF PAYZONE AT FRAC TIP

8. Effect of step size on Runge-Kutta calculation

- If the resolution is not fine enough (i.e., xa steps not small enough) the
numerical integration may blow up near xa = 1, i.e., at the start of the
integration. When this happens, the T1 value will be too high (> 100) and the
PXA( ) pressures along the payzome will all be similar and erroneous. To keep

T1 down, increase the resolution in the first segment by increasing MFAC.

The final check on the results is to double NDIV, which doubles the step
resolution along the entire xa axis. If the results for b etc. do not change,

the Runge-Kutta integration is reliable.

9. Listings of program
See end of report.
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COMFILER DOUELE FRECISION
CRARKKKAAKRR R K KRR KKK KRR KON RO R KOO R R R RO R KRRk KKk
L THIS SURROUTINE CALCULATES THE NUMERIC INTEGRAL FOR THE WIDTH AHD
C FROM THE WIDTH CALCULATES THE AREA
CORRRORAOROK RO R KKK KOO R KOR R R KRR R KRR K KK R KR AR R Kk

SUBROUTINE WIDTH i

PéEENFIDN VX2 22)» T(2) s AREAB(R22) s WG s FXA(22) s HP (22

3 .

INTEGER FFLAG)WFLAD

COMMON /EUBVTQ/ IFRACIYUXsTsAFAC, ITO: Gy A FIsSEHEL s WFLAGI P XA M

C yEMOD RNUNODTY
COMMON /ABLOC/E, C22HZsCAr»CONSTEs»XACy TOFSNFLOW»DELTA HNEW s HOL Ty
C XAOLLs XAINCs HF

COMMON /SUBWIDTH/ W,QREHQ;NUMUIDrIyLyH

COMMON /FNCTMN/ FLFPyFLFFLAG
C\INITIALIZE VARIAELES EBEFORE ENTERING W LOOF

FEMS1= FXA(I)

WINC = 1,/NUMWID

TENDNUHMWILD = NUMWID
C CﬁLCULﬁT W FOR ‘NUMWIIY IMNTERVALS OF THE HALF-HEIGHT

D0 200 K = 1y TENDNUMWIG

\xFL = WINCK(K-1)
SIF (FLW.EQ.OY FL = ,001

WF = PI/2.% (PFME1) ¥ SORT(L.-FL¥%2)
C TEST Hsy HZ RELATIONSHIF
IF (H.GT.HZ)GOD TO 19

AREAZ= 0.0

GO T
19 IF (FL.GT.FLF) GO T0O 10

CABSE I: BELOW THE EDGE OF THE FAYZOMNE
sA UNDER CURVE(FZ) FROM FLFP TO 1
INTEGRATION
IDTH IN INTEGRAL IS CALCULATED.
HUHMINTC( FLFy 1.5 NODIW)

CICOOICICINN

SET FFLAG

10 CONT

VEC(F2) FROM FL TO 1

T CALCULATED, SINCE ITS AREA

lpinieinininieiwisi

INTC FLs 1.7 NODIV)
2MB1) X AREAZ) % B, ¥ (1-RNUXk2) %L

OF WIDTH TO EE 0.0

KK = NUHWID + 1
W(KK) = 0,0

CALCULATE THE' TOTAL AREA.

lpiwin

s

+

WTOT + (WIE) + W(KK))>/ 2.
= 2, % WINC ¥ WTOT % L

T3
£
<
3
20
mz
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00000 00.,4348D 0. 51230 Z0.1258D0  40.1617D  40,2038D  40,.25050 4

J30210 40, 36530  40,43810  40.51830 4
VOLUME (XY AS X=4 TO O : (CGS)
LE902D FOL.VO7ID F0.9922D 70.1314D0  §0.14710  EO0,2077D  80.2524D B

L30020 80.34730 80.43730 80.,00000 0O

NOW USE THESE REBULTS TO CaALC. 18T AFFROX'N FOR L{TY [1 SEGHENTI.

ALsSAUTL:A4sSAVT2,ALLOG, AU, TSLOFE, TCEFT = 777777
(3540000 "3 0. 52100 370, 30000 4 0.78320 4 0,2128D 1 0.34181 5 0.6199D 0 O,
33920

NOW USE 157 AFFROX'N FOR L{T) AND A=Al RESULTS TO ADRJUST L(T) VALUE AT A&=Aa1,

VOLUME (XY AS X=4 TO O ¢ (CGH)
2466 H0,7356D &0.855%D 40.10300 70.12330 70.14490 70.1é70L 7

18750 70 213FL 0 F0.2402D0  70.0000n0 0
RXACIN ¢.9%%n O 0.9080 0O 0.817D0 0O Q.7260 0 0.4250 0 0.3440 0

EXACI)!  0,4%4D 0 0.3430 0  0.2720 ©  0.1B1L ©  0.8990 -1 =-0,100D0 -2
UNE OF THE RXA’S MUST BE_REAL CLOSE TO 0. I8 IT %7777777
b 440,0 E= 72.2
FXA
115,84 117.77 126,89 149,19 173.24 197,65
221,07 243,14 263,71 282.84. 300.40 317,07
ITERATION SUCCESSFUL ON KI
f= 10,0 RMU= 300, 0H= 0.0 F= 72,24 = 440.,0
B 72,2 FXAUL) =  7984045.1
SHAFE OF FRAC H/HZ FROM Xa=1 T0 0
1.0230 0242 1.0222 1,0498 1,0765 1.1110
1.1522 1,195 1.2525 1.3110 1,374% 1.4442

AREAS(X) A8 X=a TO ¢
L0000 Q0.,56465D  320.462600 20.7393D 30.BB834D  30.10420 40.12110 4

L13830  40,15510 40.17400 40,1943 4

UOLUME (X} AS X=A TO O ! (CGE)

L3454 40.72700  $0.83230 40.9894D  &0.1175D 70.13740 70.15B810 7

LI7BSD 70.20080  70.22450  70.25000 7 -

TGLOFE, TEXFONENT = 0.,6198% 1.,41319 3 TCEFT,TOIV = 0,832 6.904
8 5 LEAKC =  0.002500

TOTLEAK= ©.74010 7y UTOTI = 0.13750 & UTDT”— 0,155 g

Ti10s 0,49810 3, Tioie" 5,81430 "5 FicHEck? (eEcomii o, 801an 3 0.13340 2
L0 T(1) AND TICHECK COMFARETT?FPTP?TT

TOTAL VOLUME! (CGSsERL,GALY 0.21150 '8 0.13340 3 0.55890 4

% DIFF, BETWEEN TICHECK AND T(1) = 12,881241

QUTFUT Q(X) AS X=0 TO A! ) o
0.10000 27 ©0.94240 1 0.88100 1 0.81770 1 0.7S070 1 0.4777nh 1
0.59940 1 0.51750 1 0.,43430 1 0.35470 1 0.14200 1

INFUT BXs AS X=0 TO A} )

0,10000° 2 0.90000 10,8000 1  0.70000 1  0.40000 1  0.50005 1



Q.40000 1 0,30000 1 g.20000 1 ¢.1000D0 1 0.22200-14

|
= 0.4000 3 INFUT T= 0.4%80 32 QUTFUT T= 0,801 3 DIFTL= 0.1480 2 AL
USTED T ESTIMATE = 0.7760 3

NOW USE 187 AFFROX'N FOR L(T) ARDL A=A4 RESULTS TO ADJUST L(T) VALUE AT A=A4.

VOHL.UME(X) A5 X=4 TO 0 ¢ (CGS)
L29020 70.7073D 70.9922D 70.13140 80.1671L B80.20770 B80.,2526D B

30520 B0.34730 30,43730L B0.0000D €
RX&CIY 0.99%0n 0O o.9080 O 0.8170 0 0.7240 O 0.6350 0O 0.3440 0

CRXACIN 00,4540 0 0.3630 0 0.2720 0 ¢.1810 O 0.8990 -1  ~-0.1000 -2

ONE OF THE RXA’S MUST EBE REAL CLOSE TO 0. I8 IT TFPPPTTY
Q§ﬁ4 3300.0  E= 126.1
115,84 128.34 171.4%9 218,83 260.65 297.22
328.82 356.13 379.74 400,26 418.08 433.61

ITERATION SUCCESSFUL ON KI

Q= 10.0 RMU= 300,0H= 0.0 E= 126,148 = 3300.0
B 125.1 FXadl) = 7586045.1

SHAFE OF FRAC H/7HZ FROM Xa=1 TO0 0O _

1,0230 1.0317 1.0744 1.1473 1.2440 1438620
1.5003 1.6397 1.8403 2.0432 2.2897 2.5214

AREAS(X) AS X=A TO O ¢

L0000 00.,6231D0 3I0,B7270 30,11920 40,1523D  40,19020 40.23290 4

27730 40,33300 40.3%9470  40.44830 4

VOLUME(X) AS X=A TO 0 I (CGS)

L28490  7F0.48390  70,94410 70.12420 B80.1%660 80.19340 B80,23330 B

L27900 80,333480  80,39550 BQ.4465460 8

TESLOFPE: TEXFONENT = 0.6198%9 1.61319 » TCEFTTHIV = 0.8392 6.904
8 s+ LEARC = Q.002500

TOTLEAK= 0,28190 ¢, VTOT1 = 0.,20480 ¢ VTOT2= 0,23720 9

T{iY= 0.18010L 5§, T(2)= 0.21010 5 TICHECK! (SEC,MIN) 0.18510 5 0.3085D0 3
DO T(1) AND TIiCHECK COMFARETT?T??TTTY

TOTAL VOLUME!(CGSyBRLsGAL) 0.48870 9 0.3083D0 4 0.12910 4

% DIFF, BETWEEN TICHECK AND T(1) = 2.69%029

QUTFUT Q(X) A8 X=0_TO Al

0.1000n 2 0.92630 1 0.831%°0 1 0.77610 1 0,70120 1 0.62500 1
0.54460 1 0.46110 1 0.37100 1 0.27020 1 0o.119200 1

INFUT GXs AS X=0 TO Al

f.10000 2 0.20000 1 0.80000 1 o.70000 1 0.46000D0 1 0.30000 1
0.4000D 1 0.30000 1 0.20000 1 0.10000 1 0.,22200-14

f= 0.300D0 4 INFUT T= 0.1800n 5 QUTFUT T= 0.1850h 5 DIFT4= 0.2770 1 ADNJ
USTED T ESTIMATE = 0.184+ 5 i

ADJUSTED TSLOFE,TCEFT = 0.6360 0 0.7630 0
VOLUME(X) A8 X=A T0O 0 ! (CGS)
(346460 40.73540  S0.BSESD 40,1030D0 70.12330 70.14490 70.16700 7

189250 70.21370  70,24020 70.000001 0

RXACI) S 0.999n 0O 0,9080 O Q.817D 0 0.7260 0O 0.6350 0 0.5440 0
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RXACIY 0.4340 0 0.3630 0O 0 2720 0 g.1810 ¢ 0.8 -1 g.1000 -2
ONE OF THE RXA’S HUET EFE hEﬁL CLOSE TO 0. IS8 IT weprree?
fi= 440.0 B 2.2
FXAL
115.84 117.77 128.89 142.1¢ 173,24 197,65
221.0¢9 243.14 263.7 2.84 300,60 317,07
ITERATION SUCCESSFUL ON KI
QA= 16,0 RMU= 300.0H= 0,0 B= 72,348 = 440,0
E= 72.2 FXa(l) = 7986045.,1
SHAFE DF FRAC H/HZ FRDM XA=1 T0 0O
1.,0230 242 1,0322 1.04%8 1.07460 1.111¢
1.,1322 1.,1995 1.2525 1.3119 1.374% 1.4442
AREAS (XY AS X=A TO 0 !
+00000 00,5645 20.62600 20,73930  30.88340 30,10430  40.,12110 4
+13830 40,15510 40.17400 40.12430 4
VOLUME(X) AB X=4 TO Q0 ! (LG6S)
+ 3434 60,72700  A0.B3I23N 40.98%4D0 4011750 70,13740  FO0.1SEiD 7
+17890  70.20060  70.2245Dh  70.25%00n 7
TSLOFE» TEXFONENT = 0.63645 1.37122 5 TCEPT»TDIV = 0,730 G794
1 » LEAKC = 0.002500
TOTLEAK= _Q.77350 7+ VTOTY = 0,12375D0 & YTOT2= (¢.15%&0 8 ~
TEél)l= G.77550 3y T(2)= 0.90080 3 TICHECK!? (EEC!MIN) 0.81470 F 0.13580 2
D0 T¢i) AND TICHECK COMPARET??PPPFT?TT ‘
TOTAL VOLUME: (CGSsERLsGALY 0.21510 8 0,1358D 2 0.5483n 4
DIFF. BETWEEN TiCHECK AND T{i) = 4,812015
UTFUT Q(X) A8 X=0 TO Al
L1000D0 2 0.944600 |1 0.8885D 1 C.e2910 1 O.7468630 1 Q.8%7780 1
+A2450 1 0.94740 1 O.486900 1 0.393&0 1 021270 1
NFUT QXs AS X=0 T0O A3
1000 2 90,9000 1 Oo.8000In 1 G.7000D 1 0. 40000 1 Q.3000n 1
Gg.40000 1 D.30000L ¢ G.20000 1 G.10000 1 O .22200~14
A= 0.4000 3 INFUT T= Q7780 3 OUTFUT T= ¢.8130 2 DIFTL= 0,308 1L ald
USTEDR T ESTIMATE = 0.8030 3
NOW USE 18T AFFROX'N FOR L(T) AND A=A4 RESULTS TO ﬁDJUar L{T) YALUE ﬁT
VOLUME(X) AS X=4 TO 0 t (CGSH)
29020 70.70730 70,99220 70.1214D B0.146710 80.2077D BO.2E240 &
«30520 80.346730 B8Q.43730 B80,00000 ¢
RXA(ID) S o.999n 0 0.9080 0O 0.8170 0 0., 72400 0 0.86350 0 0.,5440 0
RXAC(I)!: 0.4540 O 0.3&630 0 0.2720 ¢ 0.1810 ¢ 0.82%0 -1 -0.,1000 -2
ONE OF THE RXA’S MUST EE REAL CLOSE TO 0. I8 IT #F77777%7
?XA 3300.90 R= 1256.1
115084 128,34 171,49 218,33 260,43 29722
328.82. 3546.13 379, 400,24 418.08 433.61
ITERQTIDN SUCCESSFUL ON KI
= 10,0 RMU= 300, 0H= 0.0 EB= 126,14 = 3300.0
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f= 1 Fxédls

(AC H/HZ EROM (hsl
1. o317 1

LvuhSJ & 1+1473 124490 13420
L.GG00 1.85%7 R BN 2 2EPT 2.9314
SREAS(K) A X=6 TO O 1

LOGOO0D G0, E231D0 3C.ETEFD 30.11%20 4015230 40.1%02D A40.2Z2°D0 4

CAFF3I0 A0, 33300 A0 3FSFD A0 46830 4
VOLUME (XY A8 X=a TO O ! (CGE)
28490 T0.4B837D  FOL.T4410 OL12950 86.1%880 EO,1934D BO,E2333D ¥
L27200 BO.333&D B0.27550 30.4&83sD ¢
TELOFPE» TEXFONENT = D.63445 1257082 » TOERPT.TDIV = D.7ad0 G794
iy LEAREC = 0002500
TOTLEAK=  ©,28320 2y VTOTL = 0,.20480 2 UTOT2=  0,23720 %
T{ii= ©0.18390 5y T{2i= 0£,21340 5 TICHECKE (SEC,MIN)} (¢ 1B5&D % C.3092D0 3
DO _T(1) AND TICHECHK COMFARERFFFFFTTTY
TOTAL VOLUME: (CGS FLyaﬁL) 0 AR0CH 7 0.30930 4 Q.12%4D &

N TI1ICHECK MNU T(L) = G.9284887
TQ A
IIJ

e e R 1 )

3l B3
« {2
[T R es
3T b
b3 ooy

...l

o]

g
<130‘J%"1
[ 5B

¢3H ~

O.70110 i 0.&248D 1

3 i \0>":

0,85200 1 D.7FLD
1

1 1
G.5442D0 1 2.4&050 1 Q. E701L 024890 1 G.1172D0 1
IMNFUT QxX» A8 X=0 TO #2
g.10000 2 g.e0000 1 o.g000n 1 0.70000 1 0.60000 1 g.E0060 1
G.oagq0n 1 9.30000 1 0.” oon 1 g.10000 1 O, 2220014
------ L2000 4 IHNFUT T= lS%ﬂ & OUTFRUT T= 00,1840 5 DIFT4= 0.9370 0 ADJ
UBTED T ESTIMATE = O«iBUD 5

NOW aDJUST L'I, 1 SEGHERTI.

ADJUSTED TSLOFE.TCE = 0.46430 O RIS LY
LTERH1IDN IN ITRUM=Z ETOFFED BRECAUSE TIME LIFFEREMNCES DIFT1= 9.1 OR DIFT
uRE EOTH LEab THAN 10,0 FERCENT., QR ELEBE NO. OF ITERATIONE 2 EXCEEDIE 4

USE THIS ADJUSTED L(T) 01 SEGHENTI T0 DO FULL LEARCFF CALCN
FOR A1 THEN A2 THEN A4, FROM THE TIME DISCREFANCY WE COMPUTE
AN ADJUSTED LT VALUE(=TAY, \

ve wove mre o s smva soet mrd mee i wes et eee men moe s e mev wess W tews it ewe wev mes et Moo med toet s Mee Ao et et min e Whe b Sert M MRS sera wse meN s\l e S biee ve eise s e wee mAD meS e send S s e SN e M el e S Wes e ML Gk M mhe Man mad e e e

RR&(INE 0.77%0 @ ¢.8%70 0O GCFRRL 0 R S R D.89770 0 0.4%290 G

o

o0, 0.1790 0 0.9

PR
» 3
e
N
<

3

-E_i

)t .32 L2909 .
OF THE RXA‘S MUST EE REAL CLOSE TO 0. 5 TEFPTTT ?
iy 300,0  E= 72,8
FYXA S ,
115.84 124,20 147,23 173.88 199,97 204,34
244,82 257 .41 286,24 303.56 TP 47
ITERATION SUCCESSFUL ON KI
it 15,0 RHU= 300, 0H= 0,0 E= TRLBA = 400, 0
B 77,8 FRA(L) = 7PB&045.1
BHAFE OF FRAC H/HZ FROM XA=1 TO O
1,030 L ong? 1,0479 1,0772 1.1147 1.1587

1
1.2083 1
AREAS(XY a8 X=a T

L0000 00.,40120 I0,.7I381D 30.8BFSD 3Z0.108%D 40.1238D0 40.1412D0 4

28631 13225 1.38484 14331
; 4
.
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L13830 40.17770 40.12800  40.21920 4
VOLUME(X) A8 X=4A TO0 0 1 (CGS)

«36630 60.81040 £0.78490  &0.1187D FO.139%D0 Fo.i&140 0 FO.1827D 07

20490 FQ.22900  FO.25430 70.,00000 O

RXA(I) 0.9990 0 O.908D0 O 0.8170 0 SF2ED 0 0.46380 0§ 0.3440 2
RXACI): 0.4540 ¢ ¢.3630 0 GL272D0 0 ¢.1810 O G.89%D0 -1 ~Q. 1000 -2
ONE OF THE RXA’S MUST EE REAL CLOSE 70 o. IG IT #7229 7wee
A= 440.0 E= P
FXAL
115.84 123,36 144,30 169,53 194,35 217,75
239 .46 259 .48 277.91 234,89 210,84 325,00
ITERATION SUCCESSFUL ON KI
= 10,0 RHU= 300.0H= 0.0 b= PAoLA o= 440, 0
E= 4.1 FXA(L) = 79860451 ‘
SHAFE OF FRAC H/HL FROM Xa=1 TO ©
1.0230 1.,0281 1.0453 1.8720 141069 11458
1.1910 1.2408 11,2750 1.3532 L4130 1.4817

AREAS{X) A8 X=a TO 0 1
+0000D  00.89620 30.71230 30.8480&60 E0.10210  40,118&0 40,13530 4

5140 A40,16880 _40,18750  40.20700 4

L1151 .

UOLUME (X) A8 %=A TO & 1 (CGS)

JB3E3AD 40.7978D 40.9590D  40.11470  70.1344D 70,1580 FO.1748D 7

(19520 70,21720 70.24050  70.026470% 7

TGLOFE, TEXFONENT = 0. 44258 1.55622 ¢ TCERT,TOIV = 0.7249 5,431
0 s LEARE = 0.002500

TOTLEAK= 0.78B30 7, UTOTL =_ 0.15070 6 YTOT2= 0,17080 & i
T(1)= 0,80490 3, T(2)= 0,93340 3 TICHECK: (BEC-MIN} 0.8695D 3 0.144%0 o
D0 T(1) AND TICHECK COMFARE??P??7F7%7 i

TOTAL VOLUME!(CGBsERL,GAL) 0.22940 8 0.144%0 3 . 40450 4

% DIFF., RETWEEN TI1CHECK AND T(1) = 7420103

DUTFUT R(X) AS X=0 TO A? ) o -

6,10000 2 0.9454D 1 0,.88710 1 0.B258D 1 0.7&I270 1 0.,&¥S4D 1
0.62150 1 0.54180 1  0.45640 1 0.34740 1 0.1755D 1

INFUT QXs AS X=0 TO A3 .

0.,10000° 2 0.9345D 1 0,8664D 1 0,7988D0 1 0,72480 1 ¢.44840 1
0.56840 1  0.48550 1 0.40170 1 0.32020 1 0.15%4D 1

FLOW RATE CONVERGES TO WITHIN 20, FERCENT AFTER 0 ITERATIONE

A= 440, OLD Th= 804,9 NEW Th= 36%.5 ADJUSTED Ta= 853, 4

RXA(IN 0.9299n 0 0.89%n 0 0.79%0 0 C.&99T O 0\59?& ¢ Q.4%%0 0

RXACI) 0.377 0 0,27970 0.19%0 ¢ g.99200 -1 ~-0.100D -2
ONE OF THE RXA’S MUST RBE REAL CLOSE TO O. IS8 IT FP¥PPPTY
Q;A‘ 1000.0 BER= 88.8 i
115.84 - 131.85 148.13 204,60 237,99 266,94
273.02 ' 316.21 336,72 355.48 372418
ITERATION SUCCESSFUL ON KI
= 10,0 RMU= 300, QH= 0.0 k= ge.8a = 1000, 0
= 88.8 FXA(L) = 7986045 .1
SHAFE OF FRAC H/HZ FROM XA=1 T0_0O .
1.0230 1.0345 1,0703 1.1224 1,1848 1.24617
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134564 1.4403

1.&6554 L7789

AREAS(X) AS X=A TO 0 ¢
L0000 00,464210 20,.85190 Z0.1092D 40,13290 40,1510  40.18530 4
L21440 40,24550  40,27630  40.31240 4
UOLUME (X) AS X=A TO 0 3 (CES)
(F78SD 40.,22770 70.29420  70.I70ZN 70, 44490 70,S2XIN 70.40950 7
L70120 70,79510  70.89870  70.00000 O
RXACIYE  0.9990 0 0.$08D ¢  0.8170 0  0.7240 0  0.&253 ¢  0.5440 0
RXACI)S  0.454D O 0.3830 00,2720 o ©0.1810 ¢  ¢.89%0 -1  -0,1000 -2
DNE OF THE RXA’S MUST BE REAL CLOSE TO O. I& IT TRRPPPEY
1160.0 E= N
Xt
115,84 130,16 144,03 198,77 230,52 258, 9%
284,45 307.24 337,469 344,10 342,73 377,78
ITERATION SUCCESSFUL ON KI
Q= 10,0 RMU= 300, 0H= 0.0 E= 91,26 = 1100
E= 91,2 FXA(L) =  7986045.1
SHAFE OF FRAC H/HZ EROM XA=1 TQ 0
1, L 0331 0655 1.1128 1.1714 PckE-T
1.3144 1,4015 1.,4948 1.5940 1,7055 LB
AREAS(X) AS X=A TO 0 3
L00000  00,63280  20,82700  30,1051D 40,1283% 40.15100 40.17570 4
L20270  40,23120  40.24050  40.2%170 4
YOLUME(X) AS X=A TO 0 : (CGSE)
L4450 40,22250  70,28620  F0.3ISE7D 70.42570  70.4979D  70.5744D 7
L6110 70.74930  70.84180  70.74400 7 :
TGLOFE, TEXFONENT = 0. 64258 1,55422 5 TCERT,TOIV = 0.7349 5,43
0 4y LEAKC =  0,002500 o
TOTLEAK= 0,40210 8y UTOTL = 0.,494650 & UTOTZ= 0.56570 @ _
T¢1)= O0,33500 4, T(2)= 0.38280 4 TICHECK! (BEC,MIN) ©.24040 4 0,.5&730 2
D0 T(i1) AND TICHECK COMFARE?T??T777T?
TOTAL VOLUME:! (CGS,ERL:GAL) 0.BYB5D & 0.54730 2 0.23740 %
% DIFF. BETWEEN TICHECK AND T(1) = 1,574083
OUTFUT G(X) AS X=0 TO A o )
0.10000 27 D.93I85D 1 0.87%&DL 1 C.B107D 1 0.7417D 1 0.&49BD
0.59550 1 0.51590 1 0.427%0 10,3308 1 0,1&4300 i
INFUT QXr AS X=0 TD Al
0,10000 2  0.92710 1 0.85270 1 0.77700 1 0.70030 4 0.&2100
0.53830 1 0.45300 1 0.34480 1 0.27350 1 0.1237D 4
A= 1100, OLD TaA= 3347.5 NEW Tas= Z403.5 ADJUSTED Ta= 2390, 1
RXACIDE  0.999D0 0 0.8990 0  O0.79%0 O 0.4%%0 0 0.5%%0 0 0,49%0 O
RXACI):  0.3%9D 0  0,2990 0O JAEED 0 0,900 -1 =0, 100D -2
ONE OF THE RXA‘S MUST RE REAL CIOSL TO 0. I8 IT PFFPFPF
A= 3000.0 E= 135, 4
FXAS
115.84 147,33 202,42 250,78 291,09 T4, 98
353,70 178,18 299,21 417,37 437,11
ITERATION SUCCESSFUL ON KI
= 10,0 RHU= 300, 0H= 0.0 E= 125,68 = 3000, 0
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B 125.6 FXa(l) = 79860451
SHAFE OF FRAC H/HZ FROM Xa=1 TO O :
1.,0230 1,0480 1.11%71 1.2181 1.,3394 1.4814
1.6437 1.8287 2.,031q 2.2596 2.3123
AREAS(X) AS X=A T0O 0 1
L0000 00.72B7D 30.10780 40.14440  40,18310 40.227ZL 40.,2733n 4
«32880 40.29300  40.4882D0 40 &80 4
VOLUME(X) AS X=A TO O ¢ (CGH)
L3331 70.82590 70.11530 80.,14970 80,1878 0.2288BL BO,Z2752D 8

33000 80.,37240 B0.48270 80.0000n O
RXA(IN 00,9990 0 0.7080 O 0,817 O 0,726 G 0.6330 0 0 5440 0

RXACIYS 0.4540 0 0.3530 0 0.2720 ¢ - 0.1810 O 0.8970 -1 -0.,100n -2

ONE OF THE KXA’S MUST EE REAL CLOSE TO 0, IE IT 77777777
o 3300.0 E= 130, 4
115,84 144,32 196,71 243,20 282,50 315,81
344,27 368,49 189,80 408,14 424,14 438,16
ITERATION SUCCESSFUL ON KI
Q= 10,0 RMU= 200, OH= 0.0 E= 120,44 = 2300,90
L= 130.4 FXALL) = 79860451
SHAFE OF FRAC H/HZ FROM XA=1 T0 0
1.0220 0452 Y8094 1.1597 1,2099 1.4285
1,5851 1.74%8 1,5332 2.1346 2,340 2,6076

AREAS(X) A8 X=a4 T0 0 3
L0000 00.,71130 30.10270  40,13830  40.17360r 40.21410L 40.2574D0 4

(30510 40.34200 A40,42630  40.49670 4

JOLUME (X) AS X=A TO 0 1 (CGS)
L325I0 70.79940  70.11060 80.14240 B0.17731 B80.2156h BO.2572D 8
L2050 80.34040  30.42200 £0.4924D 8

TSLOFE, TEXFONENT = 0.64258 1.55622 , TCEFTsTDIV = 0.7349 5,431
0 s LEAKC = 0.,002500_ , ,
TOTLEAK= 0,283&% §, UTOTL = O0.2E%80 & VTOT2=  0,25960 9
T(1y= 0,.18520 5, T(2)= 0.21480 5 TICHECK: (SEC,MIN} 0.1929D 5 0.32150 3
I0 T(1) AND TICHECK COMFARE?TPTPZPPRT
TOTAL VOLUME ! (CGS,EBRL,GALY 0.50930 % 0.32150 4 0.13440 6
v DIFF, BETWEEN TI1CHECK ANDIN T(1) = 4,02889%
DUTFUT _Q(X) AS X=0 TO Al o

L10000 3 0.92440 1 0.84820 1 0.74%BD 1 0.4904L 1 0,4104D 1
0 52760 1 0.4408D0 1 0.34720 1 24020 1 0.7B95D 0
INFUT GX» AS X=0 TO Al
B.10000 2  0.91%70 1 0.B390D 1 0.757i0 1 0.,4758D 1 0.5934D 1
0.50820 1 0.42040 1 L3276 1 0.22670 1 0.87%0D O
FLOW RATE CONVERGES TO WITHIN 20, FERCENT AFTER 0 ITERATIONS
A 3300, OLL TA= 18515.6 NEW TaA= 19292.9 ADJUSTED Ta= 19098.4
NOW CALC. ADJUSTED L(T) FOR 2 LINE-SEGMENTS.
FROM 400, TO 1000, TSLOFE= 0.664 TCEFT= 0,655
FRON 1000, TO 3000, TSLOFE= 0.635 TCEFT= 0,757
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J.03030 1 . 0.55240 1 0.4592D 1 0.38300 1+ 0,2034D 1

INFUT QXs A8 X=0 TO Al

g.1000n 2 0.%4260 1 ¢.8E1%0 1 9.818&0 1 Q.FEIZN0 0 C.653s0 1
¢.460820 1 0.32770 1 0.442°0 1 €. 35540 1 G 17150 1

FLOW RATE COMNVERGES TO WITHIN 20. FERCENT AFTER O ITERATIONS
Py 440. OLD Ta= 8534 NEW Tam 897.3 ADJUSTED Tam= B86.7
RXA(IN! 0.999n 0O 4.8990 ¢ G.7990 0 G.4990 0O 0.37%0 0O G490 0

5.8 134,03 172,47 209,84 243,43 271,59
297,13 319.77 239.72 J57.71 374,05
ITERATION SUCCESSFUL ON RKI
Q= 10,0 KM= 300, 0H= 0.0 b= 8F.6R = 1000, 0
B= 89.6 FXA(lY = 77846045, 1

SHAFE OF FRAC H/HZ FROM Xa=1 TO_ & B
1.0230 1.0362 1.0756 101311 1,1%983 1.27504
1.3518 1.45483 1,359 Lo&718 L7928

AREAE(X) A8 X=a TO ¢ 3

L0000 €0.,43410  J0.8788D  Z0,11270 40.13790  40.1825%0  40,1%01D 3

+21980 40.,25030F 40.28170 40.3181D 4
VOLUHE(X) AE X=a TO O 3 (CGE)
99890 460.,233460 FOLI0EED FOLIBICD FOLAETED FOLERITAD FO.E2440 7

71620 70.8108L  PO.FL41D FO.000CD O

RXACIN 0.9990L 0 g.e080 O 0.8170 0O 0.7240 O 0L.&350 0 Q.,53440 0
R¥Xa(Iag O.4540 ¢ 0.3&30 O G 272n ¢ g.1810 ¢ G . EBF790 -1 ~-o. 108D -3
UNE OF THE RXA‘Z MUEST RBE REaAL CLOSE 70 €. & IT TF7F7PeT®
K 1100.¢0 B= 2.0
FYﬂ« :

8. 28 203,85 2AGLT2 SE3 P

115f84 12..*..‘ j
2828.%1 311.18 33

i
ITERATION SUCCESSFUL ON KI
Q= 10,0 RMU= 304

B 2.0 FAA(LY = 788045, 1
SHAFE OF FRACT HAHZ FROM Xa=1 T40 O
1.,0230 1.G347 1.G708 i 11 102533
17 {.4133 1.5122 16137 L.83%0

L000000 GO, 44400 Z0,B3528D  30,1088D 40,1334 A0, 13530 40.1808D0 4

20780 A0, 23440 4G 2
VOLUME (XY A8 X=a TO O

LPEISD &0L2281D TOLRPEID FOLIEFIED FOL4ZEAD FO.SL11¥D TO,ERLED T

-

GTHFL 70.7464460  TOOBRLTD  FO.PS94D 7 :

TSLOFE, TEXFONENT = Do d&dnn LL50545 5 TCERT.TOIV = 0L &S50 4,51%
1L s LEAKC = 0,00250

TOTLEAR= 0,4055D :
Til)= G 370N 4 510 4 DL.EPSED 2
L0 T(1} AND TiCHE

TOTAL UDLUME: {CGS 5




% DIFF. BETWEEN TICHECK AND T(1) = 2,0408%93
QUTEUT QX)) AS X=0 TO Al
p 2

o.1000n 2 ¢.93780 1 0,87450n 1 0.808sI 1 G.73850 1 D.68500 ]
0.58%920 1 0.50820 1 0.41800 1 0.31780 1 0.14520 1

INFUT QXs AS X=0_TO Al

g.1o000n 2 0.92570 1 0.86%%0 1 o.B022Ir 1 0.73140L 1 0.8657460 1
0.58120 1 0.50020 1 0.41210 1 0.314650 1 0. 1E320

FLOW RATE CONVERGES 70O WITHIN 20. PERCENT AFTER 0 ITERATIONS

A= 1100, OLD TA= 3370.1 NEW TaA= 34460.8 ADJUSTED Ta= 3443.1

RXACI) g.9920 O 0.89%0 0O 0.7990 0O 0,4%¢0 0O 0.3990 Q@ 0.4%¢0 0

RXACID) S 0.39270 0 0.2990 0 0.1990 0O 2.9900 -1  -0.1000 -2
ONE OF THE RXA’S MUST BE REAL CLOSE TO 0. IS IT 7?%?7T7?T7
??h’ 3000.0 EB= 126.2
115.84 147.89 204.32 232.81 2w3.08 326,77
355.22 379.46 400.264 418.20 433.73
ITERATION SUCCESSFUL ON KRI
Q= 10.0 RiU= 300.0H= 0.0 E= 126.24 = 2000.0
B= 126.2 FXA(L) = 7986045.1
SHAFE OF FRAC H/HZ FRUM Xa=1 TO 0
1.,0230 1.04 1.1219 1.2233 1.3466 1.4902
1.,6537 1.8377 2.0433 2.2714 2.83234

AREAS(X) A8 X=A T0O 0 1
L0000D0 00,73190 30,1090 40.14410 40,1833D 40,2298D0 40,2738 4

«3I220 40.,39670 40.,468%0  40.33070 4
VOLUME(X) AS X=4 TO O t (CGS)

33440 70.83280 70.1164D 80.1515D 80.1898D 80.23120 B80.27800 8

+33330n  80.39580 80.464610 80.,00000 O
RXA(I) 0.9990L 0O 0.90680 0O 0.8170 0 ¢.72s00 0 0,46350 0 0.S44n Q

RXACI)E 0.4540 0 0.3630 0 0.2720 0 0.1810 0 0.8990 -1 -0.100D -2
ONE OF THE RXA’S MUSBT BE REAL CLOSE 10 0. I8 IT ?PPREeFRT
By 3300.0 E= 131,90
FXAl
115.84 144,75 198.32 245.22 284.55 212,72
345.93 370.12 391.01 409,14 424.74 438.74
ITERATION SUCCESSFUL ON KI
Q= 10,0 RMU= 300.0H= 0.0 E= 131.0A = 3300.0
m 131.0 FXa{l) = 79886045.1
SHAFE OF F‘AC H/HZ FROM XA=1 TO ©
1.0230 1.04546 1.,1121 1.2045 1.3167 1.4471
1.5950 1.7608 1.9452 2.1491 2.3738 2.46174

AREAB(X) AS X=A TO 0 3
L00000 00,7140 30,1048D 40.14000 40.173580 40,214670 40.24020 4

30850 40, 36483 40 ,43030  40.500480 4
VDLUME(X) AB TD 01 (C6S)Y
.32440 70.8055DI 70.,11190 80.14440L 80.17%%D B0,21810L B0.2400D0 8
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«3083L  80.34400 B80.425460 B0, 4961D g

TOLOFE, TEXFONENT = 0.463550 1.97357 5 TCEPT»TRIV = 0.7546 G.709
G v LEARC = 0., 002500

TOTLEAK= Q,2B87I %, VTQTL = 0,227%0 % UTOT2= 0,2&210 9 - ) o
T(1y=  0,19100 5y T(23= 0,221%0 5 TICHECK! (SEC,MIN)Y 0.19570 5 0.3261i0 3
[0 T(1) AND TICHECK COMFARE®F??7777%7 :

TOTAL VOLUME:D (CGEsBRLsGAL) 0.51660 9 ¢.3E2610 4 0.1345D0 &

% DIFF. BETWEEN TICHECK AND T(1l) = 2.403758

QUTEUT QXY AB X=0_ TO0 A3 _

¢.10000 2 0.92630 1 0.85210 1 0.77850 1 0.69790 1 G¢.&17270 1
§.53700 1 0.4%420 1 G.36270 1 0.,25800 1 9.1008D0 1

INFUT QXs AS X=0 TO Al

o.10000 2 0,2320 1 0.84590 1 D,76660 1 0.6848D 1 0.60620 1
0.5287D0 1 Q. 43570 1 0.34230 1 0.23480 1 0.811%n 0O

f 3200, OLIN TA= 12098, 4 NEW Th= 1936%9.0 ADJUSTED TaA= 19451, 4
ﬁDJU91EU LET)

FROM 400, TO 1030, TELOFE= 0,673 TCEPT= 0,611

FROM 1000, TG 3000, TESLOFE= 0.434 TCEFT= 0.756

*U.5. GOVERNMENT PRINTING OFFICE: 1983- 669~030.38
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