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Summary 

At the last TUDRP Advisory Board Meeting (May 2005), the first report that covered flow loop 

development activities and experimental investigations was presented. The dynamic testing facility (DTF) was 

modified to conduct rheology and hydraulic investigations on both compressible and incompressible fluids. 

Flow loop instrumentations and data acquisition system were installed. A limited number of experiments were 

also carried out with bentonite muds. Due to experimental difficulties, bentonite muds were not considered in 

the current investigation.  

This is the second report, which presents results of modeling and experimental investigations on laminar 

flow of Yield Power-Law (YPL) fluids in pipes and annuli. The effects of pipe eccentricity, diameter ratio and 

fluid rheology on friction pressure loss are studied in depth. A block diagram that outlines the structure of the 

current investigation is shown in Fig. 1. Extensive flow experiments with polymer-based fluids were carried out 

using the dynamic testing facility (Fig. 2). Different formulations of test fluids were prepared by varying 

concentrations of Xanthan Gum (XCD) and Polyanionic Cellulose (PAC). Eccentricities of the annular test 

sections were varied from 0% to 100%. Annular test sections with four different diameter ratios (Table 1) were 

investigated. Test sections were arranged in two different ways: i) three-pipe and one-annulus configuration and 

ii) three-annulus and one-pipe configuration. Three pipe sections (viscometers) were used to determine fluid 

rheology and verify the absence of wall slip.  Flow rate was varied from 0.024 gpm to 21.91 gpm [0.09 l/min to 

82.82 l/min].  Test temperatures and pressures were ranging from 82°F to 113°F [27.78°C to 45°C] and from 

20.94 psi to 193.2 psi [144.37 KPa to 1332 KPa]. 
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Fig. 1 Structure of the Current Investigation 
 

In this investigation, three hydraulic models (Fig. 1) are considered for determining friction pressure loss in 

eccentric annuli under laminar flow condition.  Computer codes are developed for each model to compare 

predictions with available analytical and numerical solutions for Newtonian and Power-Law fluids, 

respectively. After extensive evaluation of model predictions, modifications are introduced to improve the 

hydraulic models. Subsequently, the predictions of the modified models are compared with the experimental 

measurements that were obtained from flow loop experiments. The comparisons showed that the Equivalent 

Pipe model (Model I) and Concentric Annuli Model (Model II) perform better than the Correlation-Based 

Model (Model III).   Model I and II give similar predictions, even though the latter model involves relatively 

complex and intensive numerical computations. In general, a satisfactory agreement is obtained between the 

measurement and predictions of Model I and II; however, discrepancies of up to 15% were observed. The 

computer codes that are created during this investigation will be used to develop a hydraulic simulator in later 

stages of the project. 

 

Study on Laminar Flow 
of YPL Fluids in Pipes 

and Annuli 

Experimental 
Investigations 

Three-Pipe & One-
Annulus Config. 

Three-Annulus and 
One-Pipe Config. 

Modeling 
Studies 

Concentric  
Annulus 

Rheology & 
Wall Slip 

Three Pipe 
Sections 

One Annular 
Section 

One Pipe  
Section 

Three Annular 
Sections 

Rheology Measured Friction Pressure Losses 
in Eccentric Annuli  

Model Predictions  

Computer Codes 

Numerical 
Solution 

Geometric Parameter 
Based Model (I) 

Concentric Annuli 
Model (II) 

Correlation Based 
Model (III) 

Eccentric 
Annulus 



 Experimental Study and Modeling of Yield Power-Law Fluid Flow in Pipes and Annuli 3 

Introduction  

Many modern drilling fluids such as synthetic/polymer based muds are of Yield Power-Law type fluids.1 

Polymer based muds that have Yield Power-Law rheology are widely used in drilling operations with well-

known benefits.2 Currently, very limited hydraulic data is available for such fluids. The rheology and hydraulics 

of these fluids are very essential for the design of hydraulic programs, cuttings transport and drilling 

optimization.  

The aim of this study is to develop reliable hydraulics model that accurately predict the frictional pressure 

losses in pipes and annuli under laminar, transitional and turbulent flow conditions. The research involves both 

mathematical modeling and experimental investigations. The effects of fluid properties (function of temperature 

and pressure), eccentricity, pipe roughness and pipe rotation on the relationship between frictional pressure 

losses and flow rate will be studied experimentally and theoretically. 

Axial flow of YPL fluids in eccentric annulus is of great interest in drilling deviated wells. Field evidence 

demonstrates that reduction in frictional pressure loss due to pipe eccentricity may be more important than other 

parameters. The effect of eccentricity on the pressure loss is mainly influenced by fluid rheology, flow regime 

and diameter ratio. For this reporting period, major emphasis is given for laminar flow of polymer-based fluids 

in pipes and eccentric annuli.  

 

Objective 

The primary objective of this research project is to conduct an experimental and theoretical study of the 

rheology and hydraulics of YPL (synthetic/polymeric) fluids under different temperature and pressure 

conditions (simulated downhole conditions). The overall objectives of the project are available in the first report 

and the research proposal. The specific objectives for the current study are:  

i) to investigate experimentally and theoretically laminar flow YPL fluids in pipes and annuli;  

ii) to evaluate and improve the predictions of existing YPL fluid hydraulic models; 

iii)  to present experimental database for flow of polymeric (YPL) fluids in pipes and annuli; and 

iv) to study the wall-slip phenomenon in polymeric fluids. 

 

Scope of Work and Methodology  

The overall scope of the research was presented in detail in the proposal. It includes experimental 

investigations and theoretical/numerical simulation studies on pipe and annular flows of YPL fluids under 

laminar, transition and turbulent flow conditions. The scope of the current investigation includes:  
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i) Literature review on laminar flow of YPL fluid in pipes and annuli; 

ii) Rheology characterization of polymeric fluids using pipe and rotational viscometers; 

iii)  Experimental investigation of polymeric (YPL) fluid flow in pipes and annuli (at different radius 

ratios and eccentricities); 

iv) Modeling of YPL fluid flow in eccentric annuli;  

v) Comparison of experimental results with predictions of hydraulic models. 

 
Literature review 

Laminar flow of drilling fluid in concentric annulus was studied3-9 in depth. However, concentric annular 

flow does not represent the majority of realistic situations. For instance, in deviated wellbores, the drill pipe has 

a strong tendency to offset toward the low side of the borehole because of gravity. This can be one of the causes 

for the frequently reported disagreement between field measurement and hydraulic prediction. Experimental 

investigations10-12 indicated that reduction in frictional pressure loss due to pipe eccentricity can be 

considerable. Hence, determining the annular flow behavior of drilling fluids in eccentric annuli is quite 

important in well planning and hydraulic program development.  

Number of analytical and numerical studies13-22 were conducted to develop a relationship between flow rate 

and pressure loss for eccentric annular flows. One of the earliest studies of Newtonian flow in eccentric annuli 

was that of Piercy et al.13, who presented analytical solution for laminar velocity field. Using bipolar coordinate 

transformation, Snyder and Goldstein14 obtained expressions for friction factor and circumferential wall shear 

stress distributions in eccentric annuli. Jonsson and Sparrow15 studied the same problem experimentally. 

Numerical results were compared with experimentally measured16 wall shear stresses.  Results of these 

investigations15,16 indicated tha t the local wall shear stresses vary significantly.   

For non-Newtonian fluids, an exact analytical solution for laminar velocity distribution in eccentric annulus 

is not available. Therefore, most investigators applied complex numerical methods to determine the velocity 

distribution. Guckes17 developed a series of dimensionless plots that are applicable for Power-Law and 

Bingham plastic fluids. The plots were obtained using finite difference solutions and covered a broad range of 

fluid properties, diameter ratios, eccentricities and flow rates. Mitsuishi and Aoyagi18 reported experimental and 

numerical (which are obtained using variational techniques) results for eccentric annular flow of non-

Newtonian fluids (using three-constant Sutterby rheology model). They presented an expression based on the 

numerical results. This expression relates frictional pressure loss in eccentric annuli to that of concentric annular 

flow. The formation of secondary flows in eccentric annuli was reported.  
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A number of numerical simulation studies19-22 were conducted to investigate non-Newtonian fluid flow in 

eccentric annuli. Haciislamoglu and Langlinais19 indicated that the effect of eccentricity on frictional pressure 

loss can be significant. More recently, an extended numerical investigation of the effects of eccentricity on the 

velocity field and wall shear-stress distributions was carried out by Fang et al.20. The numerical results revealed 

that eccentricity has a very strong influence on the velocity field, pressure loss and wall shear stress 

distributions. Small change in eccentricity of the inner pipe can cause a significant variation in local velocity 

distribution in the annular gaps. As a result, the local velocities in the narrow gap region decrease significantly 

while velocities in the wider gap region become appreciably high.  

 

Theory 

Fredrickson and Bird3 made a detailed analysis and presented an exact solution for laminar flow of Power-

Law fluids in concentric annuli. For a straight tube of uniform cross section, the equation of motion in 

cylindrical coordinate (r,θ,z) system for steady incompressible flow is expressed as: 
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For a constant pressure gradient, dp/dz, the above equation can be integrated to give the stress distribution in 
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where β  = oRλ , and λ represents the location where the value of stress, rzτ , vanishes.  

Laird9 presented an exact solution for laminar flow of Bingham fluid in concentric annulus. The solution 

requires an iterative procedure to determine plug boundaries. Theoretical analysis of Bingham fluid flow in 

pipes and concentric annuli was conducted by Melrose et al.5 to develop a convenient numerical procedure for 

hydraulic computations. Complex relationships of Bingham fluids flow in concentric annuli were transformed 

into expressions that are more compact by introducing reduced variables.  Hanks theoretically studied flow of 

YPL fluid in concentric annulus and gave design charts for the computation of the flow rate in terms of pressure 

drop, or vice versa. In the current investigation, an exact solution (presented in Appendix A) for concentric 

annular flow of YPL fluid is developed by following similar steps as outlined by Skelland23 for Bingham fluid.  

The equation of motion in Cartesian coordinate system for isothermal, incompressible and fully developed 

steady laminar flow of viscous fluid in eccentric annulus can be expressed as:  
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where v represents the local axial velocity. For Yield Power-Law fluids, the apparent viscosity is defined as the 

ratio of shear stress to the shear rate. Thus: 
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where m is yield power- law  index. The shear rate for purely axial flow is given by: 
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Since the governing equations are non- linear partial differential equations, it is very difficult to obtain an 

analytical solution. The numerical procedure is rather complex and computationally intensive. Specially for 

highly shear thinning fluids, numerical simulations take painfully long time.20,24 Therefore, one usually uses the 

following approximate procedures: i) Narrow Slot Approach; ii) Concentric Annuli Model; iii) Equivalent Pipe 

Model; and iv) Correlation Based Model (Pressure Loss Correction Method). This study reviews the existing 

hydraulic models for eccentric annular flow and presents improvements so that quick and reliable frictional 

pressure loss predictions can be obtained in the field.   

 
Modelling Eccentric Annular Flow 
 

In order to avoid very complex and computationally intensive numerical procedure, several investigations 25-

29 developed approximate procedures to estimate frictional pressure loss in eccentric annuli.  These procedures 

require the velocity distribution in an eccentric annulus to be systematically approximated by an equivalent 

velocity field. The most common approximation procedures are to model an eccentric annulus as a series of 

narrow slots25-28 or concentric annuli29. The narrow slot model neglects the effect of curvature and treats the 

eccentric annuals as if it were a slot of variable width. Walton and Bittleston30 critically evaluated application of 

the slot approximation for Bingham fluid. Model predictions were compared with numerical results over wide 

range of radius ratios, fluid properties and flow parameters. Good agreement was obtained between numerical 

solutions and model predictions when the radius ratio is greater than 0.7. For radius ratio of about 0.7 and 

eccentricity of 50%, discrepancies of approximately 10% in the magnitude of the predicted plug velocity were 

reported. Similar conclusions were reached by Szabo and Hassager31 who presented a classification for axial 
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velocity distribution for Bingham fluid in eccentric annuli. For eccentric annuli with low radius ratios and high 

eccentricities, the narrow slot model performs poorly.19 Hence, this approach is not considered in this 

investigation. 

 

Equivalent Pipe Model (Model I) 

Kozicki et al.32 developed a generalized hydraulic equation for laminar flow of generalized fluid in ducts of 

arbitrary shape. Šesták et al.33 verified the performance of this model by comparing model predictions with 

experimental measurements that are obtained from eccentric annulus with diameter ratio of 0.538. The 

equivalent pipe model adopts the shear rate equation for pipe flow and similar expression for flow in slits to 

have the same form of the generalized shear rate equation, which is applicable for other duct geometries. 

Accordingly, the Rabinowitsch-Mooney equation, which is applicable for pipe and slit flows, is expressed as34: 
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where a and b are geometric parameters (a = 0.25 and b = 0.75 for pipes and a = 0.5, b = 1 for slits) and Dh is 

the hydraulic diameter. These investigators generalized the above equation to be applicable to any arbitrary 

geometry that has wall shear stress variation along the wetted parameter, p. Thus: 
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where wτ  is the average wall shear stress. Consequently, the average wall shear rate for any arbitrary geometry 

is given by: 













 +==

h
ww

D
U

b
N
a

f
8

)( γτ &                      (8) 

The generalized flow behavior index of eccentric annulus can be estimated using the pipe flow equation 

evaluated at 8U/Dh. Thus: 
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where pw ,τ  is pipe wall shear stress that corresponds to the nominal Newtonian shear rate of 8U/Dh. Once pw ,τ  

is determined numerically, the generalized flow behavior index of eccentric annular flow can be estimated by: 

1)1(3 +−
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If geometric parameters are known, then the average wall shear rate can be determined from Eq. (8) and the 

corresponding shear stress can be determined from the constitutive equation as: 
 

  m
wyw Kγττ &+= ,                            (13) 

 

The Reynolds number for eccentric annulus is determined from the average wall shear stress as: 

w

U
τ
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Re = ,                      (14) 

 

Values of the geometric parameters are assumed independent of fluid rheology because their values mainly 

depend on dimensionless eccentricity and diameter ratio. Kozicki and Tiu34, outlined a procedure for estimating 

the geometric parameters from Newtonian flows for which exact analytical solutions are available. This 

procedure was critically evaluated by Fang et al.20 who compared numerical results with predictions of this 

procedure in terms of dimensionless group fRe* (f × Re*), where Re* is a special Reynolds number commonly 

used to analyze eccentric annular flow results.   The result clearly indicated that for highly shear-thinning fluid 

flows (n ˜  0.2), fRe* predictions of this procedure are only reasonable for wide annuli (i.e Ri/Ro < 0.5). Fang et 

al.20 concluded that Newtonian flow behavior does not necessarily represent that of non-Newtonian flow. In 

order to address this shortcoming, we have developed a new procedure to determine the geometric parameters 

from non-Newtonian flows.  It has been shown previously that the relationship between the values of fRe* and 

geometric parameters can be written in this form20 : 
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where the friction factor and Re* are expressed as: 
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respectively. After rearranging Eq. (15), a dimensionless function, s(n,e,κ), can be expressed as: 
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According to Eq. (18), values of the dimensionless function can be determined from fRe* values. Fang et al.20 

and Escudier et al.22 published numerically obtained values of fRe* for different dimensionless eccentricities, 

diameter ratios and power- law indices. Hence, the dimensionless function values of various annuli are 

determined from the published fRe* values. As shown in Fig. 3, the geometric parameters (a and b) are  
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Fig. 3 Shape Factor vs. 1/n for Eccentric Annulus with Diameter Ratio of 0.2 (Numerical data from Fang et al.20) 

 
determined by plotting the dimensionless function for a given annulus (i.e fixed e and κ values) as a function of 

1/n. The geometric parameter, a, varies significantly with eccentricity. After regression analysis, the following 

correlations are developed for estimating these parameters. 
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where a0, a1, a2, a3, α0, α1,α2, and α3 are regression coefficients whose values are dependent upon the diameter 

ratio as presented in Table 2. The diameter ratio (radius ratio) and dimensionless eccentricity are given by 

oi DD=κ  and )( io RREe −= , respectively, where E is offset distance between the centers of the pipe and the 

borehole.  Detailed procedure for calculating friction pressure loss using equivalent pipe model is presented in 

Appendix B.   

 
       Table 2 Equations for Regression Coefficients 

a0 = -2.8711κ2 - 0.1029κ + 2.6581 α0 =  3.0422κ2 + 2.4094κ - 3.1931 

a1 =  2.8156κ2 + 3.6114κ - 4.9072 α1 = -2.7817κ2 - 7.9865κ + 5.8970 

a2 =  0.7444κ2 - 4.8048κ + 2.2764 α2 = -0.3406κ2 + 6.0164κ - 3.3614 

a3 = -0.3939κ2 + 0.7211κ + 0.1503 α3 =  0.2500κ2 - 0.5780κ + 1.3591 

 
 
Concentric Annuli Model (Model II) 

The laminar eccentric annular flow of Power-Law and Bingham fluids was modeled by Luo and Peden29 as 

a number of concentric annuli with variable outer radius. For the sake of simplicity, they used approximated 

correlations for predicting plug boundaries and radial distance where the shear stress becomes zero. In this 

report a new formulation of this procedure is developed to model hydraulic characteristics of eccentric annular 

with YPL fluids.  A series of sectors of concentric annuli with variable outer radius are considered to represent 

an eccentric annulus (Fig. 4). The radius of each concentric annulus is determined by equating area A to A* so 

that the corresponding shaded sectors (Fig. 4) have the same local mean velocities for the same flow rates. The 

advantage of this method over the narrow slot model is that it is able to include the effect of curvature (i.e τwi ≠  

τwo). However, the model still neglects circumferential wall shear stress variations in a given sector. We have 

presented a numerical solution for flow of YPL fluid in concentric annulus (see Appendix A).  After developing 

a stable and fast numerical procedure, extensive simulations are conducted for different eccentricities (0% to 

95%), power- law indices (0.2 to 1.0) and radius ratios (0.2 to 0.8) to evaluate the predictions of concentric 

annuli model.  Friction factor-Reynolds number values for Power-Law fluid are predicted and compared with 

the published22,22 fRe* values.  The dimensionless parameter, fRe*, is chosen for the purpose of validation in 

order to maintain the universality of the solution. For Newtonian fluids, fRe* values of eccentric annuli only 

depend on radius ratio and dimensionless eccentricity.35 
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Fig. 4 Geometries of eccentric annulus (lift) and equivalent annulus with series of concentric annuli (right) 
 

For Power-Law fluids, numerical results20,22 demonstrated that fRe* value of an eccentric annulus depends 

on radius ratio, eccentricity, and power- law index. Comparison of model predicted fRe* values with numerical 

results indicate discrepancies of up to 30% as the diameter ratio and power- law exponent decrease and 

eccentricity increases. The model underpredicts the pressure loss. In the limiting case of a concentric annulus, 

the model predictions are found to be in agreement with numerically obtained fRe* values. To reduce these 

discrepancies, we have introduced a matching correlation, which is only a function of annular geometer. This 

correlation, ee 27.0),( κκ =Φ , is applied to modify the actual frictional pressure loss, which is necessary for 

determining the flow rate. Thus, the modified frictional pressure loss is given by: 
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After introducing the matching correlation, the maximum discrepancy between model prediction and numerical 

solution has been reduced to approximately ±8%.  

 
Correlation Based Model (Model III)   

Based on numerical solutions, Haciislamoglu and Langlinais19 presented one of the most accurate hydraulic 

models for flow of Power-Law fluid in eccentric annulus. A numerical model was developed to analyze the 

flow behavior of Yield Power-Law fluids in concentric and eccentric annuli. For Power-Law fluids (0.4 = n = 

1.0), a correlation was presented to relate the pressure loss in an eccentric annulus to a concentric one. Hence, 

pressure loss in an eccentric annulus is expressed as: 
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This relationship is valid for eccentricities and diameter ratios ranging from 0 to 0.95 and 0.3 to 0.9, 

respectively.  Recent studies36,37 suggested that the above correlation can be extended for YPL  fluid, if one 

assumes the generalized flow behavior index, N, suitably mimic the Yield Power-Law  type fluid model. Thus, 

the above equation can be used for YPL fluids, if the generalized flow behavior index is used instead of power-

law index. To determine the pressure loss in a concentric annulus, Bailey and Peden35 applied a numerical 

procedure presented by Hank7. However, they did not present a method for estimating the generalized flow 

behavior index for eccentric annular flow. For this investigation, the generalized flow behavio r index is 

obtained from Eq. (10). 

 
Experimental Investigation 

Extensive pipe and annular flow experiments with polymeric (YPL) fluids were conducted using the 

dynamic testing facility (Fig. 2). During the experiment, flow rate was varied from 0.024 gpm to 21.91 gpm 

[0.09 l/min to 82.82 l/min]. Test temperatures and pressures were ranging from 82°F to 113°F [27.78°C to 

45°C] and from 20.94 psi to 193.2 psi [144.37 KPa to 1332 KPa]. 

 
Experimental Setup 

Annular test sections (Table 1) with four different diameter ratios (0.27, 0.36, 0.49 and 0.76) were 

considered in the investigation.  Test sections were rearranged in two different ways (Fig. 5): i) three-pipe 

(0.50”, 0.82” and 1.38”) and one-annulus configuration; and ii) three-annulus (Annulus #1, #2 and #4) and one-

pipe (0.5”) configuration. In Fig. 5, test section diameters (Di and Do) for three-annulus and one-pipe 

configuration are presented in square parenthesis. In three-pipe and one-annulus configuration, pipe viscometer 

measurements were used to verify the absence of wall slip.  In each annular test section, the inner pipe was put 

under tension to maintain the desired eccentricity. Eccentricities of the annular test sections were varied from 

0% to 100%, where 0% refers to a concentric drill pipe.  

A progressive cavity pump (Moyno) with maximum flow capacity of 22 gpm [83.27 l/min] circulates the 

test fluid through the loop. Test fluids are prepared in a PVC tank that has a high-speed stirrer.  Hot water is 

provided from a water boiler to facilitate the mixing of polymers. Each test section is about 18 ft [5.5 m] in 

length. The loop is equipment with computer based data acquisition system and measuring instruments that are 

necessary for conducting rheology and hydraulic investigations. Differential pressure transmitters and flow 

meters are installed to measure the frictional pressure loss and volumetric flow rate, respectively. In addition, 

test section inlet and outlet pressures and temperatures are monitored during the test.  

 



 Experimental Study and Modeling of Yield Power-Law Fluid Flow in Pipes and Annuli 13 

 
 

Fig. 5 Schematic of the Flow Loop 
 

Test Procedure  

Experiment begins by filling the loop with warm water while the pump circulates the fluid at the lowest 

speed (146 rpm). When the loop is filled with water, the pump speed is increased to the maximum level to vent 

air pockets from the system. As the same time, air in the differential pressure transmitter lines is vented. The 

data acquisition system is turned on to monitor test parameters. Water is added or drained from the loop to have 

the desired water level in mixing tank. The fluid circulation should be abandoned and the inlet valve (V1) 

should be closed before introducing polymer into the mixing tank. Zero readings of differential pressure and 

flow rate are verified at this stage. Powder polymer is added gently (at about 2 lbs/min rate), while water in the 

tank is being agitated vigorously. After sufficient time of mixing, fluid recirculation through the loop begins.  

When the steady state flow condition is established, fluid sample is taken to conduct rheology test using 

rotational viscometers.  Flow loop test begins immediately after rheology characterization of the fluid (using 

rotational viscometer).  Each test flow rate is maintained until steady state flow conditions are established while 
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the data acquisition system records measurements at the rate of four samples per second for one to two minute 

duration. 

 
Measurement Verifying Experiments (Water Test) 

During the experimental investigation, routine water tests were conducted to evaluate and verify the 

reliability of instrumentation and data acquisition system. Flow experiments with YPL fluids were conducted 

after establishing strong confidence on the measurements. For instance, results of the first experiment with 

water showed higher values of frictional pressure losses in the test sections. Similar results were obtained when 

additional water test were repeatedly conducted. After carefully examination of the system, it was discovered 

that bentonite muds lumps were deposited and sedimented in the test sections during the previous test. The 

lumps were able to restrict the flow and create additional hydraulic resistance. Therefore, the test sections were 

mechanically cleaned and water test were conducted. Results of these tests were in agreement with previously 

measured data.  

 
Fluid Characterization Tests 

In order to conduct extensive flow experiments with polymeric fluids, various formulations of test fluids 

were prepared by varying concentrations of Xanthan Gum (XCD) and Polyanionic Cellulose (PAC) in the 

system. Rheologies of test fluids that are presented in Table 3 and Table 4 were measured using pipe and 

rotational (Chan 35) viscometers, respectively. The densities of test fluids were approximately 8.33 ppg [1000 

Kg/m3].  

 
System  Characterization Experiments 

Experiments with Power-Law fluids were conducted to test the system and determine the actual 

eccentricity. For concentric and partially eccentric annuli, physical measured eccentricities at inner pipe 

supports (Spacers) were different from eccentricities that were obtained from hydraulic measurements. These 

discrepancies are attributed to the sagging of the inner pipe. Therefore, eccentricities of concentric and partially 

eccentric annuli are determined by matching experimentally determined and numerically obtained fRe* va lues 

for a Power-Law fluid. Three test fluids (XCD-PAC3, XCD-PAC6 and XCD-PAC7) that best fit power-law 

model were prepared and used for determining the actual eccentricities of the annular test sections. Results of 

these experiments are presented in Tables 5, 6 and 7. Figure 6 presents experimentally determined fRe* values 

as a function of flow rate for test fluid XCD-PAC6. For a given test section, data points mostly lie on a 

horizontal line. As shown in the figure, experimentally determined fRe* values for Annulus #1, #2 and #4 best-

fit numerical obtained fRe* values of partially eccentric annuli with eccentricities of 75%, 60% and 80%, 
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respectively. Similar results are presented in Fig. 7 for test fluid XCD-PAC7, indicating concentric geometry for 

Annulus #2. In both cases, as the flow rate increases above 10 gpm, experimentally determined fRe* values of 

Annulus #4 deviate from the numerical solid line, possibly indicating onset of transition to turbulence. As the 

flow rate decreases below 5 gpm, discrepancies between experimentally determined and numerical fRe* values 

increase for Annulus #1 and #2. This could be due the effect of low shear rate rheology, which tends to play 

major role as the flow rate diminishes. Figure 8 shows the flow curve of test fluid XCD-PAC7, which is 

measured using the pipe section. Low shear rate data points slightly deviate from the regression line of high 

shear rate flows. Therefore, Power-Law model does not represent properly the rheology of test fluid XCD-

PAC7 in the low shear rate range. Vaughn and Bergman8 reported similar observations that demonstrate the 

failure of Power-Law rheology model in predicting pressure loss in concentric annulus as flow rate diminishes.  

 

Experimental Results 

Pipe and annular flow experiments with polymeric (YPL) fluids were conducted using two different test 

section configurations (three-pipe and one-annulus configuration and three-annulus and one-pipe 

configuration). The first set of experiments that include six tests (from Test #1 to Test #6) was performed with 

three-pipe and one-annulus configuration. Results for this set of experiment are presented from Table 8 to 13. 

Figure 9 presents experimentally determined average wall shear stresses as a function of 8U/Dh in pipe 

viscometers and fully eccentric Annulus #3 for test fluid XCD3. Flow curves (i.e. shear stress versus nominal 

Newtonian shear rate) of this fluid, obtained from different pipe viscometers approximately lie on a single curve 

(viscometric flow curve) indicating the absence of wall-slip. Similar results were obtained for other fluids that 

were tested using three-pipe and one-annulus configuration. For the Annulus #3, the curve of average shear 

stress is approximately parallel with the viscometric flow curves. Results for other test fluids also indicate 

similar patterns of the average shear stress curves when presented as a function 8U/Dh. 

The second set of experiments that include nine tests (excluding power-law fluid tests conducted for system 

characterization) was conducted with three-annulus and one-pipe configuration. Test fluids with similar 

compositions as those tested in the first set of experiments were prepared. Results of this set of test are 

presented from Table 14 to Table 22. Figure 10 shows experimentally determined average wall shear stress as a 

function of 8U/Dh in 0.5” pipe viscometer and fully eccentric Annulus #1, #2 and #3 for test fluid XCD5. As 

previously noted, the average shear stress curves of the annuli are approximately parallel with viscometric flow 

curve. Other YPL fluid experiments show similar patterns of the average shear stress curves, which are roughly 

parallel with the viscometric flow curve. This is in agreement with the recommendation of Kozicki and Tiu34 

that suggests the use of capillary viscometer data for determining the generalized flow behavior index of an 
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arbitrary shaped duct.  This recommendation is applied in the development of Model I and Model III. In Fig. 10, 

the viscometric data is limited to shear rate greater than 5 s-1.  At low flow rates, the corresponding pipe 

viscometer data is not available for Annulus #1 and #2. One may consider extrapolating the pipe viscometer 

data; however, this may increase the discrepancies between model prediction and measurement. 

Figure 11 shows the plot of friction factor versus Reynolds number for test fluid XCD3. The flow regimes 

in the pipe sections were predominantly laminar because the measured data points closely lie on the theoretical 

laminar friction factor line (f = 16/Re). The smallest pipe data at high Reynolds numbers (i.e. Re > 4000) begins 

to deviate from the theoretical line, which indicates the onset of transition to turbulent flow. As often seen with 

polymeric fluids, the transition to turbulence could be delayed due to the viscoelastic properties of the fluid. 

Results of other test fluids also indicate similar delay in transition to turbulence or higher critical Reynolds 

number. Log-Log plots of friction factor versus Reynolds number for test fluids XCD7 and XCD10 are present 

in Figs. 12 and 13, respectively.  Data points of each test section roughly lie on straight line. The margin 

between the annular section friction factor and pipe friction factor decreases as the Reynolds number increases.  

In the effort to investigate properties of the dimensionless group fRe* in eccentric annuli with Yield Power-

Law fluids, the hydraulic diameter based Reynolds number (Re*) for eccentric annuli is redefined using the 

generalized flow behavior index (N), which is obtained from the slope of average wall shear stress curve under 

laminar flow condition. In similar manner to Power-Law fluid, fRe* values are found to be approximately 

constant when the flow is under laminar condition. Except slight variations, all the tested fluids nearly show 

constant fRe* values as the flow rate varies within the laminar flow range. 

 

Comparing Model Predictions with Measurements 

  Extensive model evaluation has been conducted by comparing measured annular pressure losses with 

hydraulic model predictions. For annulus #1 and #2, measurements that were obtained at low flow rates (i.e. 

less 1 gpm) are not considered in the evaluation because at low flow rates model predictions requires 

extrapolation of viscometric flow curve to estimate the generalized flow behavior index (see Fig. 10). This will 

increase the disagreement between model prediction and measurement.  

For most of the experiments conducted in Annulus #1, #2 and #3, the patterns of fRe* curves are similar to 

the ones shown in Figs. 12 and 13, suggesting predominately laminar flow conditions. Figure 14 to Fig. 29 

show model predictions with measured pressure losses. Tables 23 to 25 summarize discrepancies (in terms of 

maximum absolute differences) between model prediction and experimental measurement. In most cases, model 

predictions and measurements are in good agreement; the average maximum differences are less than 10% for 

Model I and II. Discrepancies between measurement and prediction of Model III are relatively high at low flow 
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rate, particularly with test fluids XCD2, XCD5 and XCD7. For these fluids, as the flow rate reduces the 

generalized flow behavior index, N, decreases well below the recommended value (according to Eq. (22)). For 

instance, the value of N varies from 0.19 to 0.10 as the flow rate decrease from 21.48 gpm to 0.78 gpm for test 

fluid XCD3 in Annulus #3. However, Eq. (22), which is the basis for Model III is valid when power- law index 

is greater than 0.4. Similarly, Model I and II may also be affected when the values of N is less 0.2 because these 

models are based on correlations (Eqs. (19), (20) and (21)), that are applicable for fluids with power- law indices 

ranging from 0.2 to 1.0.  

Figure 23 compares model predictions and experimental measurements for concentric annulus with test 

fluid XCD10.  Similar comparison is made for test fluid XCD-PAC8 (see Table 24). For all the models, 

discrepancies between prediction and measurement are in the range of experimental error. As their 

developments show, predictions of Model II and III are exact numerical solutions for concentric annular flows.  

Hence, it is important to compare the predictions of Model I with that of Model II and III. It is understandable 

from Fig. 23 and Table 24 that the predictions of Model I are astonishingly accurate, although the model uses 

power- law fluid based correlations and the generalized flow behavior index that is obtained from an equivalent 

pipe (hydraulic diameter concept). Therefore, the geometric parameters that are obtained from Power-Law 

fluids can be applied for YPL fluids.  

  For annulus test section with the highest diameter ratio (Annulus #4), discrepancies between prediction and 

measurement are relatively high. As the annular clearance decreases, the effect of small geometric irregularities 

such as minor skewness of the inner pipe and slight blockage of the annulus with small dirt particles may 

considerably influence the frictional pressure loss. Analyses of the patterns of fRe* curves for all the 

experiments indicate the presence of turbulent flow condition at higher flow rates. Figure 30 to 35 present 

pressure loss predictions of the models together with measurements for low flow rates that the values of fRe* 

are approximately constant indicating laminar flow condition. Analogous to the Power-Law fluids, the fRe* 

values tend to deviate from the constant fRe* line when the transition from laminar to turbulent occurs (when 

Re in the range of 3000 to 5000).  As the flow rate increases, the value of the generalized flow behavior index 

increases and approaches the fluid behavior index (i.e N →  m).  

Figure 35 presents measured and predicted pressure losses as a function of flow rate for test fluid XCD-

PAC8 in 85% eccentric Annulus #4. All model predictions show relatively higher discrepancies at low flow 

rates. Average shear stress versus 8U/Dh curve of Annulus #4 crosses the viscometric flow curve as the flow 

rate diminishes; while average shear stress curves of other test sections (Annulus #1 and #2) are roughly parallel 

with the viscometric flow curve. Since the test temperature variations were minimal, the source of these 

unexpected discrepancies could be measurement error or slight change in pipe eccentricity. In addition, low 
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flow rate measurements are expected to be relatively less accurate because system noise to signal ratio is high at 

low flow rates. In order to reduce the effect of system noise, pressure transducers and flow meter measuring 

ranges were reset for all low-flow rate measurements. Except for this outlying data point, predictions of Model I 

and II show a satisfactory agreement with the measured pressure losses. In most cases, predicted values are 

marginally lower than the measured ones.  

 

Conclusions 

Laminar flow of Yield Power-Law fluid in eccentric annuli is investigated experimentally and theoretically. 

Frictional pressure losses in pipes and annuli were measured mostly under laminar flow conditions.  Three 

hydraulic models that are used for pressure loss predictions in eccentric annuli were investigated. After 

evaluating the predictions of these models with available numerical solutions for Power-Law fluids, 

improvements are introduced. Then predictions of the modified models are compared with the experimental 

measurements. In general, Model I and Model II have the same level of accuracy, even though the latter 

involves relatively intensive numerical computations. Discrepancies between prediction and measurement are 

relatively high at low flow rates. For both case, a satisfactory agreement is obtained between measurement and 

model prediction when the generalized flow behavior is more than 0.2. The maximum error with these two 

models is in the range of 15%. From the results of this investigation, the following conclusion can be drawn. 

 
• flow of polymeric fluids (aqueous dispersions of Xanthan Gum and mixture of Xanthan Gum and 

Polyanionic Cellulose) does not exhibit the phenomena of wall-slip; 

• addition of polymers (XCD and PAC) delays the onset of transition from laminar to turbulent;  

• flow of polymeric fluids in eccentric annulus is strongly effect by low shear rate rheology;  

• a satisfactory agreement is obtained between measurement and model prediction; 

• Equivalent Pipe (Model I) and concentric annuli (Model II) models perform better than the correlation-

based model (Model III). 

 

Recommendations 

    

• Numerical solutions of eccentric annular flow require complex and computationally intensive 

procedures. Therefore, using an approximate model for practical application is beneficial.  

• Due it its simplicity and accuracy, the Equivalent Pipe Model (I) is good for practical applications. 
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• In order to obtain reliable predictions with hydraulic models, accurate rheology model should be used to 

represent the flow of polymeric fluid over a wide range of shear rates. 

 

Future work 

 

i) Experimental investigation of the rheology and hydraulics of YPL (synthetic/polymeric/bentonite) 

fluids under different temperature conditions;  

ii) Investigation on the effects of pipe rotation and eccentricity under laminar flow conditions; 

iii)  Study the effect of pressure on rheology and hydraulics of YPL (synthetic/polymeric) fluids under 

laminar flow conditions; 

iv) Investigation on turbulent flow of YPL fluids in pipes and annuli; 

v) Study the effects of pipe rotation and wall roughness on frictional pressure losses under turbulent 

flow conditions; 

vi) Investigation on the effects of pipe rotation and eccentricity under turbulent flow conditions; 

vii) CFD simulations; 

viii)  Development of guidelines and a hydraulic simulator for ECD management and hydraulics 

optimization. 

 

Nomenclature 

a  = geometric constant 

b =  geometric constant 

Cc = dimensionless parameter  

D = pipe diameter 

Dh = Hydraulic diameter 

e = dimensionless eccentricity  

E =  offset distance between centers 

f = friction factor  

K= Fluid’s Consistency Index 

L = Pipe Length 

m = YPL fluid behavior index 

n = Power-Law fluid behavior index 

N = generalized flow behavior index 

p = wetted perimeter 

P = Pressure 

Q = Volumetric Flow Rate 

Re= Reynolds number 

Re* = special Reynolds number  

U = mean flow velocity 

v = local flow velocity 

x = ratio of yield stress to wall shear stress 
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Greek Letters  

∆= difference  

γ&  = Shear Rate 

γ&  = average shear rate 

γ&  = shear rate 

λ = radial distance from the center where 0=rzτ  

κ = diameters ratio  

τ  = Shear stress 

τ  = average shear stress 

pw ,τ  = wall shear stress in equivalent pipe 

Subscripts 

eff = effective 

i = inside 

o = outside 

y = yield 

w = wall 
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Fig. 2 Dynamic Testing Facility (DTF) 
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Fig. 6 Experimental (M) and Numerical (N) fRe* Values vs. 

Flow Rate for XCD-PAC6 in Annulus #1, #2 and #4 
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Fig. 7 Experimental (M) and Numerical (N) fRe* Values vs. 

Flow Rate for XCD-PAC7 in Annulus #1, #2 and #4 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 8 Flow Curve of XCD-PAC7 Obtained using Pipe 
Viscometer 
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Fig. 9 Average wall shear stress vs. 8U/Dh for XCD3 in Pipe 

Viscometers and Fully Eccentric Annulus #3 
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Fig. 10 Average wall shear stress vs. 8U/Dh for XCD5 in 

0.5” Pipe and Fully Eccentric Annulus #1, #2 & #4 
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Fig. 11 Friction Factor vs. Reynolds Number for Pipe 
Sections and Annulus #3 with XCD3 
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Fig. 12 Friction Factor vs. Reynolds Number for XCD7 in 
Fully Eccentric Annulus #1, #2 and #4, and 0.5” Pipe 
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Fig. 13 Friction Factor vs. Reynolds Number for XCD10 in 

Annulus #1, #2 and #4, and 0.5” Pipe  
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Fig. 14 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD5 in Fully Eccentric Annulus Section #1 
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Fig. 15 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD6 in Fully Eccentric Annulus Section #1 
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Fig. 16 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD7 in Fully Eccentric Annulus Section #1 
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Fig. 17 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD9 in 75% Eccentric Annulus Section #1 
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Fig. 18 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD10 in 65% Eccentric Annulus Section #1 
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Fig. 19 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD5 in Fully Eccentric Annulus Section #2 
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Fig. 20 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD6 in Fully Eccentric Annulus Section #2 
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Fig. 21 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD7 in Fully Eccentric Annulus Section #2 
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Fig. 22 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD9 in 60% Eccentric Annulus Section #2 
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Fig. 23 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD10 in 0% Eccentric Annulus Section #2 
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Fig. 24 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD1 in Fully Eccentric Annulus Section #3 
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Fig. 25 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD2 in Fully Eccentric Annulus Section #3 
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Fig. 26 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD3 in Fully Eccentric Annulus Section #3 
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Fig. 27 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD4 in Fully Eccentric Annulus Section #3 
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Fig. 28 Measured and Predicted Pressure Losses vs. Flow 
Rate for XCD-PAC1 in Fully Eccentric Annulus Section #3 
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Fig. 29 Measured and Predicted Pressure Losses vs. Flow 
Rate for XCD-PAC2 in Fully Eccentric Annulus Section #3 
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Fig. 30 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD5 in Fully Eccentric Annulus Section #4 
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Fig. 31 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD6 in Fully Eccentric Annulus Section #4 
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Fig. 32 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD7 in Fully Eccentric Annulus Section #4 
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Fig. 33 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD9 in 80% Eccentric Annulus Section #4 
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Fig. 34 Measured and Predicted Pressure Losses vs. Flow 

Rate for XCD10 in 85% Eccentric Annulus Section #4 
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Fig. 35 Measured and Predicted Pressure Losses vs. Flow 
Rate for XCD-PAC8 in 85% Eccentric Annulus Section #4 

 
Table 1 Dimensions of Annular Test Sections 

[inch] [mm] [inch] [m]
#1 0.38 9.53 1.38 35.05 0.27
#2 0.50 12.70 1.38 35.05 0.36
#3 0.68 17.15 1.38 35.05 0.49
#4 0.63 15.88 0.82 20.93 0.76

Pipe Diameter Hole Diameter
Annulus Di/Do

 
 
 

 
 
Table 3 Composition and Rheological Properties of Test Fluids Measured Using Pipe Viscometer 

Composition τ y  K Temp. 
Test No. Test Fluid 

XCD [% wt] PAC [% wt] [lbf/100ft2] [Pa] [lbf/100ft2sm] [Pasm] 
m 

[°F] 

1 XCD1 0.86% 0.00% 8.98 4.30 2.69 1.29 0.38 93-97 

2 XCD2 0.90% 0.00% 23.60 11.30 3.86 1.85 0.35 96-102 

3 XCD3 1.00% 0.00% 30.08 14.40 3.25 1.56 0.39 93-95 

4 XCD4 0.85% 0.00% 10.65 5.10 2.63 1.26 0.36 100-112 

5 XCD-PAC1 0.80% 0.20% 15.66 7.50 2.24 1.07 0.47 90-95 

6 XCD-PAC2 0.79% 0.45% 10.03 4.80 9.38 4.49 0.35 97-99 

7 XCD-PAC3 0.25% 0.50% 0.00 0.00 2.07 0.99 0.48 87-89 

8 XCD5 0.80% 0.00% 13.58 6.50 1.34 0.64 0.48 101-110 

9 XCD6 0.90% 0.00% 26.32 12.60 3.70 1.77 0.38 100-113 

10 XCD7 0.79% 0.00% 13.37 6.40 1.69 0.81 0.45 106-115 

11 XCD8 0.88% 0.00% 10.23 4.90 1.46 0.70 0.45 86-92 

12 XCD-PAC4 0.80% 0.39% 3.97 1.90 8.93 4.28 0.36 86-92 

13 XCD-PAC5 0.79% 0.45% 7.31 3.50 6.82 3.27 0.39 96-98 

14 XCD-PAC6 0.25% 0.50% 0.00 0.00 2.34 1.12 0.49 96-103 

15 XCD9 0.79% 0.00% 16.92 8.10 1.87 0.90 0.45 100-108 

16 XCD-PAC7 0.27% 0.50% 0.00 0.00 2.92 1.40 0.46 91-99 

17 XCD10 0.79% 0.00% 18.80 9.00 2.11 1.01 0.48 93-101 
18 XCD-PAC8 0.79% 0.45% 7.94 3.80 6.22 2.98 0.40 82-85 
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Table 4 Dial Readings from Rotational Viscometer (Chan 35) in lbf/100ft2 
Temp. Speed [rpm] 

Test No. Test Fluid 
[°F] 1 2 3 6 10 20 30 60 100 200 300 600 

1 XCD1 86 12.5 14.0 15.0 17.0 18.5 20.0 21.5 24.5 27.5 32.5 36.0 45.5 

2 XCD2 88 34.0 36.0 38.0 41.0 42.5 45.0 47.0 50.0 53.0 60.0 65.0 73.0 

3 XCD3 86 38.0 40.5 42.0 45.0 47.0 50.3 52.8 57.3 61.0 68.3 73.9 83.5 

4 XCD4 98 14.0 16.0 17.0 19.5 21.5 23.5 25.0 27.5 30.0 34.0 37.0 44.0 

5 XCD-PAC1 85 14.0 17.0 18.0 21.0 24.0 29.0 32.0 39.0 45.0 56.0 64.0 79.0 

6 XCD-PAC2 88 19.0 23.0 26.1 31.3 36.2 43.9 49.3 60.5 70.5 88.0 99.5 123.0 

7 XCD-PAC3 82 2.5 3.5 4.0 7.0 9.0 13.0 16.0 23.0 30.0 40.0 49.0 65.0 

8 XCD5 74 16.0 18.0 19.0 20.5 22.0 24.0 26.0 29.0 32.0 37.0 41.0 50.0 

9 XCD6 100 30.0 32.0 34.0 35.0 38.0 44.0 45.0 51.0 56.0 65.0 70.0 85.0 

10 XCD7 102 16.0 18.0 19.0 21.0 23.0 26.0 27.0 31.0 34.0 39.0 43.0 50.0 

11 XCD8 96 24.0 26.0 27.0 30.0 32.0 34.0 36.0 40.0 44.0 51.0 57.0 68.0 

12 XCD-PAC4 82 15.0 18.0 21.0 26.0 30.0 38.0 43.0 53.0 63.0 80.0 92.0 110.0 

13 XCD-PAC5 90 13.0 17.0 19.0 24.0 29.0 36.0 42.0 53.0 63.0 80.0 92.0 115.0 

14 XCD-PAC6 92 1.5 2.5 4.0 7.0 8.0 15.0 19.0 26.0 34.0 46.0 55.0 74.0 

15 XCD9 98 20.0 22.0 23.0 25.0 27.0 30.0 33.0 37.0 41.0 47.0 52.0 65.0 

16 XCD-PAC7 88 1.5 3.0 5.0 7.0 10.0 15.0 18.0 26.0 33.0 45.0 54.0 72.0 

17 XCD10 88 22.0 23.0 25.0 29.0 31.0 36.0 39.0 45.0 50.0 60.0 65.0 84.0 

18 XCD-PAC8 78 15.0 17.0 20.0 25.0 30.0 37.0 42.0 53.0 62.0 80.0 90.0 112.0 

 
 
   Table 5 Experimental Data for Polymeric Fluid (XCD-PAC3) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) 

Inlet Outlet [Psig] 

18.50 385.87 37.62 48.34 1357.43 87.47 89.12 156.44 

17.67 370.28 36.97 46.60 1302.53 88.60 89.65 145.95 

16.92 360.29 35.79 44.87 1253.97 88.91 89.57 138.77 

16.09 343.47 34.97 43.66 1196.16 87.37 90.20 131.69 

15.17 328.98 34.18 41.77 1137.77 89.38 89.91 121.09 

14.41 317.28 33.56 40.68 877.25 88.71 89.45 110.46 

13.44 310.00 32.41 39.26 833.37 87.35 89.49 101.79 

12.39 291.73 31.17 37.94 785.20 88.10 90.67 92.09 

11.31 289.02 29.77 36.58 731.90 89.78 90.37 86.39 

10.22 270.76 28.49 34.70 689.87 88.26 89.65 79.26 

8.97 252.83 27.22 32.15 646.17 88.98 89.74 71.27 

7.90 224.43 25.20 30.72 598.80 88.21 90.36 63.78 

6.72 204.72 23.27 28.39 549.59 89.63 89.49 55.76 

5.53 188.39 21.15 25.99 495.07 88.66 89.88 49.67 

4.25 165.20 18.57 22.71 429.44 88.37 89.37 42.69 

3.49 152.68 16.61 20.60 392.19 86.12 87.81 36.70 

2.42 129.06 13.97 17.24 328.02 89.09 90.11 31.83 

1.82 112.66 11.85 14.70 286.03 88.42 89.29 27.26 

1.29 96.84 9.64 12.18 244.49 89.06 89.25 22.89 

0.83 78.56 7.35 9.17 199.39 88.00 89.08 18.62 

0.62 67.68 6.08 7.75 174.09 87.28 88.80 24.29 

0.42 56.48 4.72 6.04 145.82 87.78 88.28 19.82 
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Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

0.29 47.10 3.81 4.81 121.00 85.93 88.58 16.55 

0.19 37.62 2.84 3.64 99.31 86.33 88.64 13.38 

0.10 26.72 1.84 2.45 70.55 86.58 88.72 14.35 

0.06 20.66 1.27 1.77 55.00 86.47 89.06 14.91 

0.03 15.03 0.79 1.18 40.97 86.73 88.17 15.39 
    
   Table 6 Experimental Data for Polymeric Fluid (XCD-PAC6) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=75%) 

Annulus #2 
(e=60%) 

Annulus #4 
(e=80%) 

Inlet Outlet [Psig] 

18.8728 414.06 48.24 62.56 1209.39 102.21 102.63 159.28 

17.6558 390.20 46.41 59.96 1134.63 102.49 103.00 145.58 

16.3346 370.08 44.29 57.59 1053.53 100.09 102.59 132.39 

14.8779 344.76 42.56 55.03 983.99 103.02 101.66 116.72 

13.0510 320.33 39.92 51.53 888.92 100.30 103.48 106.24 

10.6850 286.99 36.30 47.19 775.69 103.45 102.84 89.18 

9.0799 265.24 33.46 43.87 709.48 102.60 101.34 76.61 

7.2104 239.17 29.99 39.16 621.25 101.84 102.22 65.33 

6.0497 221.61 27.45 35.83 564.89 101.38 101.67 57.56 

4.8438 201.14 24.41 32.09 512.34 100.15 101.11 50.72 

3.6091 176.52 20.78 27.33 445.34 102.22 101.31 43.57 

2.1954 141.46 16.02 21.03 354.52 101.93 102.08 33.97 

1.8139 129.42 14.30 18.82 323.33 100.44 100.64 30.31 

1.2018 108.58 11.42 15.20 273.04 100.10 100.46 25.51 

0.7936 87.53 8.70 11.56 220.60 99.24 99.46 20.99 

0.5654 74.66 6.97 9.58 188.80 100.23 99.98 16.94 

0.4703 68.26 6.20 8.52 174.20 99.13 96.41 15.90 

0.4122 63.94 5.70 7.87 163.27 98.29 97.76 14.91 

0.2967 53.81 4.67 6.44 138.10 97.73 98.09 13.38 

0.2024 43.49 3.66 5.07 117.42 97.20 97.76 10.56 

0.1043 30.08 2.44 3.37 81.60 95.37 97.23 8.29 

0.0650 23.18 1.90 2.49 64.73 96.73 96.19 6.94 

0.0251 14.75 1.13 1.50 43.80 95.45 96.77 6.24 

 
   Table 7 Experimental Data for Polymeric Fluid (XCD-PAC7) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=65%) 

Annulus #2 
(e=00%) 

Annulus #4 
(e=85%) Inlet Outlet [Psig] 

17.7976 394.72 54.57 89.03 1142.86 98.00 99.24 149.12 

15.9822 366.33 51.44 84.66 1049.43 95.87 98.34 129.61 

14.7047 350.66 49.33 81.57 986.39 97.28 98.87 121.72 

13.1647 331.34 46.09 77.33 899.01 96.34 97.36 107.40 

11.5520 309.89 43.36 72.49 805.13 95.46 95.40 90.98 

9.2501 286.62 39.50 65.15 675.81 98.19 98.75 81.10 

8.1526 264.35 36.98 61.46 631.36 97.34 98.01 71.61 

6.7876 243.33 34.12 56.55 572.98 95.40 96.98 63.24 
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Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=65%) 

Annulus #2 
(e=00%) 

Annulus #4 
(e=85%) Inlet Outlet [Psig] 

5.7304 224.28 31.60 51.96 533.34 95.68 97.33 56.11 

4.5666 203.01 28.36 46.78 478.41 96.54 97.75 45.59 

3.0153 169.73 22.90 38.06 394.79 95.46 93.94 41.12 

1.9701 142.04 18.34 30.68 328.50 94.03 96.09 33.60 

1.3099 117.44 14.65 24.55 274.22 93.64 94.29 26.85 

0.7790 91.97 10.77 18.39 217.12 93.95 95.17 21.84 

0.4999 76.14 8.29 14.20 179.50 93.74 93.04 17.34 

0.4580 73.06 7.80 13.67 172.49 91.76 92.98 17.10 

0.3367 62.98 6.53 11.50 148.72 93.33 92.45 14.56 

0.2283 52.02 5.19 9.17 124.98 91.13 91.36 12.06 

0.1536 42.32 4.14 7.23 102.32 90.57 88.98 9.39 
 
   Table 8 Experimental Data for Polymeric Fluid (XCD1) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  0.824” Pipe  Annulus #3 
(e=100%) 

1.38” Pipe  Inlet Outlet [Psig] 

21.84 420.96 89.12 57.98 30.59 97.47 96.52 85.28 

20.06 377.02 84.16 55.32 29.44 97.04 96.82 74.75 

18.87 349.16 80.56 53.58 28.60 95.01 96.51 66.76 

17.68 323.26 78.03 51.73 28.11 94.66 96.38 60.34 

16.44 300.51 74.32 50.60 27.54 96.63 97.15 55.92 

15.20 279.75 71.82 48.63 27.08 96.23 96.88 50.54 

13.96 250.92 70.63 47.46 26.60 96.13 96.82 46.26 

12.70 231.46 67.55 46.33 26.20 93.97 96.44 41.60 

11.45 213.25 65.40 44.49 25.44 95.09 96.06 36.41 

10.19 197.53 62.36 43.79 24.89 95.28 96.22 32.77 

8.93 181.89 60.62 42.05 24.29 95.54 94.88 29.61 

7.63 167.46 57.31 40.56 23.52 94.47 95.73 25.52 

6.39 152.53 54.66 38.64 22.69 95.54 95.32 24.08 

5.10 138.09 51.65 36.84 21.94 95.26 94.40 20.25 

3.82 123.79 48.26 34.37 20.88 94.07 92.82 17.85 

2.52 107.01 43.67 31.91 19.50 94.37 95.03 16.80 

1.15 80.29 35.64 26.40 16.87 92.23 94.36 12.26 

0.83 74.06 33.98 24.74 16.05 92.83 93.84 20.36 
 
    Table 9 Experimental Data for Polymeric Fluid (XCD2) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  0.824” Pipe  Annulus #3 
(e=100%) 1.38” Pipe  Inlet Outlet [Psig] 

21.704 423.50 118.58 81.66 45.25 101.67 101.93 91.98 

20.517 407.20 115.84 80.59 45.62 102.79 101.92 86.84 

19.364 373.92 112.82 79.30 46.13 101.00 101.03 79.07 

18.143 339.01 110.17 78.59 45.91 101.30 100.87 72.55 

16.930 320.95 107.78 77.15 45.74 101.38 101.24 67.22 

15.704 305.02 105.35 76.22 45.43 101.31 101.16 61.42 

14.464 295.92 103.27 75.40 45.64 100.34 100.16 57.39 
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Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  0.824” Pipe  Annulus #3 
(e=100%) 1.38” Pipe  Inlet Outlet [Psig] 

13.204 289.88 101.86 74.10 44.44 101.20 101.34 54.34 

12.464 286.16 100.38 74.08 44.64 100.43 100.86 50.88 

10.709 268.26 97.92 72.62 43.60 100.19 101.01 47.04 

9.451 252.25 95.35 71.17 43.06 99.35 100.80 42.08 

8.188 232.46 92.13 69.46 42.24 99.23 99.26 38.33 

6.937 217.71 89.76 68.16 41.73 99.26 100.48 36.30 

5.666 203.96 85.95 65.76 40.68 97.31 97.68 34.10 

4.399 190.37 82.30 63.57 39.61 98.37 98.88 31.04 

3.127 175.26 78.39 61.97 37.97 97.02 99.30 29.58 

1.793 154.24 72.46 58.13 36.04 98.24 97.90 26.25 

1.340 145.30 69.77 55.44 35.89 97.07 96.11 25.24 

0.797 131.94 65.28 52.10 34.15 97.16 97.90 24.27 

0.483 122.42 62.58 46.97 33.74 97.19 95.90 32.01 
 
   Table 10 Experimental Data for Polymeric Fluid (XCD3) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  0.824” Pipe  Annulus #3 
(e=100%) 1.38” Pipe  Inlet Outlet [Psig] 

21.48 474.20 54.27 98.14 139.13 93.98 94.99 100.24 

20.35 454.81 54.05 97.11 136.29 96.45 95.27 95.04 

19.21 431.96 54.24 95.73 134.06 94.59 95.18 88.06 

18.04 411.00 54.03 94.63 130.73 94.87 94.65 82.40 

16.82 390.85 53.76 92.75 128.27 94.29 94.55 74.81 

15.62 371.96 53.73 91.41 126.20 94.53 94.63 70.45 

14.40 353.74 53.61 90.16 123.64 94.67 94.96 65.43 

13.16 336.33 53.22 88.66 120.97 95.07 94.42 61.48 

11.90 319.83 52.44 87.41 117.79 94.27 95.33 56.34 

10.66 305.24 51.55 85.70 115.22 94.81 95.08 52.13 

9.44 290.22 50.83 84.13 112.21 93.15 94.96 49.02 

8.16 275.66 49.70 81.88 108.31 93.85 95.29 46.02 

6.91 258.47 48.81 79.97 105.40 94.42 93.27 43.40 

5.67 243.00 47.91 77.40 100.96 94.04 94.60 39.90 

4.41 226.30 46.37 74.66 96.44 94.56 94.03 35.17 

3.11 207.24 44.69 71.64 91.86 93.50 94.39 33.97 

1.80 179.67 42.30 66.99 84.62 92.90 93.51 30.68 

0.78 153.71 39.41 60.75 75.68 93.39 91.94 27.34 

0.64 148.47 39.62 58.50 74.10 92.11 93.86 29.79 
 
   Table 11 Experimental Data for Polymeric Fluid (XCD4) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  0.824” Pipe  Annulus #3 
(e=100%) 1.38” Pipe  Inlet Outlet [Psig] 

21.91 331.98 80.06 51.49 24.16 110.11 110.88 78.70 

20.08 302.59 76.12 50.18 24.88 109.76 109.47 68.95 

18.84 283.42 73.17 49.39 25.61 107.62 109.05 62.67 

17.64 267.59 70.96 48.22 25.94 106.96 108.41 57.06 
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Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  0.824” Pipe  Annulus #3 
(e=100%) 1.38” Pipe  Inlet Outlet [Psig] 

16.39 247.89 69.11 47.25 25.66 109.26 108.60 52.85 

15.16 229.28 67.54 46.20 25.47 108.59 108.59 46.91 

13.91 214.61 65.38 44.87 25.32 108.47 107.90 41.46 

12.66 191.39 62.51 44.01 25.06 107.10 107.83 38.07 

11.42 179.04 60.58 43.08 24.65 104.91 107.65 35.33 

10.14 172.67 58.94 41.91 24.12 106.45 106.93 32.31 

8.87 167.98 56.81 41.00 23.86 106.36 105.25 28.70 

7.65 155.80 55.08 39.83 23.03 104.28 104.51 25.88 

6.35 139.40 52.61 38.37 22.31 104.18 105.14 23.36 

5.06 125.78 50.24 36.60 21.61 104.06 104.18 20.30 

3.79 112.82 47.22 34.90 20.65 102.88 103.41 18.63 

2.52 101.20 43.48 32.46 19.48 102.17 102.81 17.47 

1.83 91.74 40.84 29.77 18.77 101.24 101.91 16.88 

0.77 74.14 35.07 25.93 16.45 101.44 101.27 20.00 

0.41 65.34 32.24 19.91 15.25 99.63 100.33 30.41 

 
   Table 12 Experimental Data for Polymeric Fluid (XCD-PAC1) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  0.824” Pipe  Annulus #3 
(e=100%) 1.38” Pipe  Inlet Outlet [Psig] 

21.52 508.09 131.50 88.11 45.64 94.70 94.31 98.16 

20.39 487.46 129.54 86.87 44.84 94.95 94.64 92.07 

19.25 442.45 126.54 85.05 44.60 92.68 93.29 84.25 

18.06 423.41 122.34 83.00 43.87 91.55 93.03 77.19 

16.87 404.22 119.72 81.54 42.94 90.73 91.64 72.41 

15.66 385.15 116.27 79.64 42.28 89.95 90.54 66.85 

14.45 370.23 113.43 77.52 41.03 90.44 91.01 60.90 

13.23 354.04 109.93 75.30 40.13 89.61 90.99 57.50 

11.98 336.54 105.78 73.07 38.73 88.52 90.53 51.32 

10.77 321.85 102.14 70.59 37.33 88.50 89.45 48.59 

9.46 300.35 97.91 67.54 35.84 90.70 90.80 43.95 

8.22 278.40 93.26 65.10 34.50 90.77 90.56 40.25 

6.96 257.55 88.98 61.56 33.22 90.75 89.45 35.50 

5.69 237.62 82.53 58.14 31.37 90.67 90.57 31.48 

4.44 214.12 76.65 53.67 29.23 90.21 90.28 29.35 

3.15 188.58 68.45 48.80 26.95 89.07 90.77 25.10 

1.84 159.46 44.62 36.40 26.29 89.10 91.53 19.63 

1.38 137.21 56.47 39.19 21.75 89.58 90.30 19.55 

1.01 133.36 49.78 37.21 21.50 89.09 90.62 19.42 
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   Table 13 Experimental Data for Polymeric Fluid (XCD-PAC2) 
Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  0.824” Pipe  Annulus #3 
(e=100%) 

1.38” Pipe  Inlet Outlet [Psig] 

20.84 674.34 205.07 145.02 74.93 98.15 98.94 120.99 

19.80 638.64 200.33 141.41 74.10 99.19 99.67 114.10 

18.73 621.46 195.69 138.22 72.80 99.65 100.26 107.23 

17.62 597.82 190.55 135.23 71.46 98.87 99.63 99.04 

16.51 568.98 186.29 132.14 70.30 98.58 100.13 94.39 

15.37 546.11 181.34 129.29 68.54 98.93 98.66 89.12 

14.19 518.05 175.67 126.76 67.43 97.74 100.30 84.22 

12.99 499.77 170.84 122.88 65.62 99.26 99.73 77.71 

11.77 477.31 165.61 118.70 63.62 99.47 100.74 72.42 

10.54 455.70 160.21 115.57 61.45 98.90 99.52 68.15 

9.32 431.82 153.99 110.62 59.27 99.75 100.86 62.67 

8.08 408.49 147.08 105.96 57.14 99.84 101.03 59.42 

6.84 383.87 139.34 100.40 54.22 98.48 100.37 55.44 

5.60 356.20 131.12 94.27 51.13 100.13 101.01 50.04 

4.38 325.29 121.71 87.92 47.45 98.43 98.61 44.65 

3.14 289.71 110.02 79.17 42.82 99.49 99.39 40.67 

1.83 241.28 94.17 67.63 36.81 98.87 99.48 33.55 

1.02 202.77 80.05 57.08 31.82 97.68 99.56 48.55 

0.54 167.33 67.02 47.82 26.82 97.48 100.01 38.35 

 
   Table 14 Experimental Data for Polymeric Fluid (XCD5) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

19.1784 361.19 42.02 49.21 1386.48 109.93 109.58 157.50 

18.2196 337.19 40.93 47.71 1298.26 109.85 111.18 149.81 

17.4335 316.72 40.04 46.61 1237.65 107.78 110.95 133.29 

16.5385 304.84 39.37 45.68 1171.31 108.82 110.26 124.82 

15.5123 289.11 38.43 44.69 1090.01 104.51 110.33 118.31 

14.2161 269.00 37.82 43.84 998.29 107.93 108.20 105.67 

13.2238 253.82 37.06 42.91 726.66 105.88 109.94 90.36 

12.2178 239.31 36.17 41.67 681.58 106.65 109.81 86.04 

11.0856 230.07 35.25 40.65 636.86 107.73 109.85 77.85 

9.8223 214.20 34.42 39.50 589.29 108.58 109.52 68.90 

8.6762 200.72 33.51 38.00 540.70 105.89 109.71 63.68 

7.4331 186.44 32.63 37.01 492.98 105.25 106.67 53.65 

6.2036 170.44 31.34 35.27 441.99 107.35 109.65 49.71 

4.9760 155.21 29.90 33.82 395.47 107.33 107.41 42.67 

4.3605 146.55 29.20 32.83 366.42 107.90 105.69 40.80 

3.7497 138.76 28.31 31.63 341.49 107.46 105.02 38.50 

3.1204 129.57 27.38 30.68 312.69 107.32 106.73 35.43 

1.8230 107.85 24.95 28.03 249.80 106.32 106.98 28.70 

1.0781 93.55 22.45 25.42 217.48 103.84 105.36 24.74 

0.6532 81.87 21.05 23.58 186.39 106.65 106.18 21.61 

0.3782 72.78 19.47 21.75 159.55 104.03 105.55 19.60 
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Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

0.3690 72.37 19.50 21.77 160.37 102.03 103.42 19.09 

0.2265 65.83 18.16 20.37 140.70 102.38 101.47 16.99 

0.0841 55.01 15.41 17.65 112.96 100.64 103.86 14.55 

0.0579 51.92 14.64 16.53 105.53 100.31 103.36 13.55 

0.0301 47.42 13.19 15.00 94.43 102.51 102.39 12.19 

 
   Table 15 Experimental Data for Polymeric Fluid (XCD6) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

18.8230 430.67 61.45 71.93 1284.47 112.74 112.85 166.29 

17.0730 397.17 59.20 69.08 1161.58 111.21 112.23 148.23 

15.3644 367.75 57.37 66.74 1057.76 109.79 112.44 131.14 

13.2562 341.65 55.52 64.31 942.87 109.87 111.98 111.96 

10.8499 312.59 53.49 62.04 825.66 110.06 112.31 95.94 

9.4920 292.99 52.55 60.41 770.12 111.34 111.83 87.97 

8.4452 279.10 51.49 59.00 716.07 108.46 107.16 81.36 

7.2733 262.94 50.06 57.28 665.82 109.59 110.56 75.31 

5.7591 238.71 48.11 54.83 595.20 108.17 109.69 66.09 

4.7749 225.87 46.89 53.03 553.10 105.53 108.07 60.94 

3.9787 211.99 45.40 51.63 508.08 107.18 108.39 57.43 

3.0270 195.27 43.74 49.30 455.10 105.03 106.23 52.37 

2.3847 180.90 41.94 47.33 416.45 106.20 106.25 46.01 

1.7487 166.01 40.12 45.38 372.54 107.02 106.96 43.67 

1.4545 158.60 39.06 44.18 348.99 105.22 105.30 40.87 

0.7982 137.27 36.06 40.93 298.36 103.19 105.77 35.97 

0.4871 137.93 35.89 44.10 275.34 104.10 101.80 35.65 

0.2011 118.34 32.63 39.48 266.32 101.70 102.37 30.35 

0.0886 106.89 29.89 35.70 206.03 101.99 102.35 27.24 

0.0312 95.81 26.38 31.46 181.54 100.73 100.22 23.55 

 
   Table 16 Experimental Data for Polymeric Fluid (XCD7) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

18.6763 353.34 39.06 46.11 1274.33 114.54 114.69 150.99 

16.6691 310.43 37.76 44.28 1135.76 113.14 113.65 126.47 

15.5698 287.85 37.18 43.79 1056.55 113.17 113.64 117.84 

13.5956 254.19 36.03 41.95 916.84 113.19 113.83 102.52 

11.3115 229.06 34.74 39.99 614.68 112.23 112.28 78.84 

9.5220 211.94 33.44 38.68 551.53 112.70 113.75 67.04 

8.0291 193.25 32.53 37.29 498.78 112.43 112.47 58.59 

6.3990 172.26 31.15 35.66 439.50 111.19 112.50 48.28 

4.9316 152.77 29.73 34.16 385.45 109.89 111.79 42.46 

3.5665 135.61 28.22 31.97 330.77 111.94 109.59 36.43 

2.4896 121.37 26.58 30.08 284.97 109.62 110.78 32.56 
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Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

1.6954 108.32 24.98 28.16 246.66 110.85 110.20 28.57 

1.1221 97.15 23.49 26.55 213.26 107.96 108.45 25.58 

0.5075 79.40 20.85 22.38 170.20 109.42 107.81 20.77 

0.5411 75.89 19.91 21.93 168.62 105.68 107.18 18.95 

0.3160 68.06 17.83 20.76 143.38 107.81 108.08 17.87 

0.1716 60.80 16.45 19.39 118.80 107.41 105.46 14.79 

0.0911 54.61 14.69 17.58 104.89 105.68 107.18 13.62 

0.0287 45.85 11.78 14.04 86.61 106.90 105.71 11.60 

 
   Table 17 Experimental Data for Polymeric Fluid (XCD8) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

18.2748 316.82 32.35 38.46 1179.08 90.56 91.61 142.39 

16.0520 275.85 30.96 36.55 1021.42 90.89 90.48 113.34 

14.4016 247.21 29.98 35.03 915.32 91.06 91.91 102.21 

12.2966 215.92 28.66 33.45 608.63 89.41 90.31 79.73 

11.2210 201.42 28.29 32.89 562.60 88.18 90.88 70.24 

9.8991 192.07 27.34 31.48 512.07 88.92 91.57 63.79 

8.2238 172.80 26.11 30.25 451.57 90.54 91.61 54.11 

7.1329 158.34 25.35 29.25 407.44 90.00 89.91 47.66 

5.8974 142.47 24.41 28.03 365.50 89.01 90.14 40.62 

4.7064 126.98 23.28 26.59 325.32 88.44 89.82 35.38 

3.5623 112.50 21.95 25.06 280.89 86.93 89.68 31.18 

2.9810 105.72 21.30 24.26 257.89 88.65 90.23 29.03 

2.3825 97.94 20.36 23.15 234.93 89.40 90.55 26.30 

1.7237 88.52 19.10 21.83 205.93 88.61 89.63 22.55 

1.2094 79.55 18.01 20.19 179.41 86.70 89.70 20.08 

0.9108 73.47 17.13 19.36 161.92 87.90 89.44 19.28 

0.5495 64.56 15.62 17.67 139.16 87.66 89.45 17.91 

0.5735 64.77 15.88 18.00 140.34 87.39 87.28 17.09 

0.3790 58.81 14.78 16.79 124.34 87.27 87.54 15.80 

0.2328 53.10 13.46 15.35 110.30 87.75 87.07 14.60 

0.1317 47.25 12.02 13.66 94.31 85.75 86.81 12.42 

0.0670 41.60 10.35 11.76 82.54 85.62 87.09 10.68 

0.0371 36.78 8.87 10.12 70.73 86.03 87.41 9.53 

 
   Table 18 Experimental Data for Polymeric Fluid (XCD-PAC4) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

16.4815 560.65 75.93 91.67 1531.38 92.05 93.25 178.49 

14.9697 521.97 72.90 87.46 1413.11 93.07 93.52 165.21 

13.7136 496.09 70.66 84.30 1325.23 90.85 93.31 146.77 

12.4359 472.47 68.45 81.55 1243.07 92.57 92.21 135.59 

10.1990 430.31 64.35 76.71 1103.30 92.91 93.07 120.64 
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Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=100%) 

Annulus #2 
(e=100%) 

Annulus #4 
(e=100%) Inlet Outlet [Psig] 

8.5713 398.69 61.36 72.94 1007.14 90.27 91.94 108.24 

7.0164 366.37 57.90 68.67 919.21 92.70 93.00 93.39 

6.0652 345.24 55.61 65.46 859.74 91.18 91.92 89.95 

4.8113 317.50 51.70 60.93 769.32 91.33 93.29 81.47 

3.4997 287.24 46.89 55.13 666.66 91.45 91.54 68.90 

2.6635 256.49 43.20 50.59 589.45 90.93 92.78 61.46 

2.1080 237.58 40.30 47.37 546.88 89.20 92.08 57.86 

1.6105 216.00 36.82 43.49 491.63 90.21 92.28 50.53 

1.2688 199.61 34.15 40.15 446.89 90.35 90.24 49.11 

0.7619 167.62 28.94 34.06 372.09 89.03 90.67 39.04 

0.4776 145.30 25.13 29.33 318.22 89.79 90.76 35.20 

0.4596 146.37 25.23 29.55 319.22 88.03 89.08 35.18 

0.3515 133.95 23.22 27.24 291.74 85.99 88.10 32.07 

0.2416 118.88 20.71 24.13 257.74 87.63 87.81 29.49 

0.1308 97.01 17.14 20.00 210.53 86.58 88.09 23.79 

0.0804 82.17 14.79 17.20 180.75 87.09 87.99 21.44 

0.0485 70.03 12.72 14.83 154.28 86.60 87.84 17.61 

0.0331 62.29 11.47 13.29 139.28 86.27 87.09 15.87 

 
   Table 19 Experimental Data for Polymeric Fluid (XCD-PAC5) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=75%) 

Annulus #2 
(e=60%) 

Annulus #4 
(e=80%) Inlet Outlet [Psig] 

14.6376 518.10 76.80 97.61 1401.13 97.78 98.42 165.06 

13.7002 502.84 75.00 95.19 1340.44 98.39 100.45 153.78 

12.5108 479.35 72.35 91.91 1261.09 98.68 100.07 142.16 

10.3599 437.31 68.23 86.41 1131.77 98.70 98.98 122.41 

8.8176 410.76 64.80 82.64 1038.81 99.29 97.41 114.53 

7.7482 386.89 62.35 79.46 974.03 99.57 98.17 103.51 

6.1367 355.30 57.94 73.15 870.68 97.20 99.11 92.27 

4.8775 323.23 53.56 68.00 786.69 98.00 97.50 79.50 

3.3879 281.71 47.55 59.94 670.64 97.97 98.48 70.05 

2.6656 261.18 43.93 55.24 606.13 98.92 98.75 62.66 

2.1411 240.58 40.65 51.37 554.31 96.41 98.40 59.30 

1.6531 220.15 37.04 47.05 504.90 97.90 97.90 51.67 

1.1466 193.76 32.58 41.57 437.42 97.45 97.04 45.94 

0.6048 157.27 26.09 33.19 350.37 97.62 98.89 36.22 

0.4715 144.28 23.89 30.21 322.11 97.41 97.87 33.87 

0.3709 132.93 21.80 27.91 295.32 97.71 97.61 31.00 

0.2330 113.61 18.58 23.92 250.43 94.91 97.22 26.36 

0.1472 96.60 15.93 20.29 215.39 94.56 96.17 23.19 

0.0763 78.38 12.84 16.48 176.09 96.43 97.05 17.98 

0.0360 62.79 10.37 13.20 143.71 96.36 96.25 15.29 
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   Table 20 Experimental Data for Polymeric Fluid (XCD9) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=75%) 

Annulus #2 
(e=60%) 

Annulus #4 
(e=80%) Inlet Outlet [Psig] 

19.5179 370.62 45.97 56.63 1114.42 105.52 107.78 151.43 

17.5772 329.40 44.26 54.42 992.27 107.30 108.03 130.61 

16.2736 305.55 43.25 52.94 915.83 106.30 106.37 120.37 

14.8518 284.72 42.10 51.54 849.57 102.56 106.55 106.56 

13.2387 266.17 40.87 49.99 771.33 104.93 107.18 95.42 

11.9625 254.31 39.91 48.82 716.25 101.27 106.24 85.34 

10.7312 236.16 38.69 47.64 665.43 105.37 104.15 79.70 

9.4025 226.51 37.64 46.09 609.08 105.60 102.58 71.73 

7.7639 204.92 36.19 44.27 547.34 102.86 104.43 62.27 

6.1323 183.37 34.58 41.91 480.61 103.82 104.48 54.29 

3.7924 151.79 31.48 38.22 375.87 104.79 105.82 41.67 

3.0529 142.19 30.49 36.54 342.97 99.09 104.42 40.63 

2.4175 131.56 29.05 35.06 312.16 102.78 103.24 35.90 

1.7914 119.67 27.69 33.15 278.44 102.08 103.19 32.73 

1.2689 108.35 26.04 31.14 244.52 100.63 101.62 29.56 

0.7957 94.60 24.29 29.02 212.75 101.98 102.55 25.92 

0.6117 90.05 23.31 28.00 196.11 102.39 101.03 25.53 

0.4524 90.21 24.04 28.68 196.16 95.00 99.62 24.21 

0.2537 80.14 22.07 26.45 165.46 95.55 98.99 22.83 

0.1321 67.00 20.24 23.89 138.23 98.43 97.97 19.27 

0.0484 59.71 17.48 20.45 116.31 100.22 99.48 15.24 
 
 
   Table 21 Experimental Data for Polymeric Fluid (XCD10) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=65%) 

Annulus #2 
(e=00%) 

Annulus #4 
(e=85%) Inlet Outlet [Psig] 

16.0015 421.42 60.67 96.57 1312.54 99.09 100.82 153.52 

14.7502 394.33 58.35 91.97 1202.66 93.65 98.90 138.18 

13.4102 366.01 56.39 87.95 1126.86 99.75 99.69 124.50 

12.1711 343.90 54.70 84.41 1103.97 96.86 100.25 111.72 

10.1441 314.99 52.00 79.36 1028.97 99.31 100.28 97.96 

9.1456 297.73 50.53 77.30 869.33 98.87 99.52 93.62 

8.1403 282.65 49.46 74.70 788.74 98.63 96.71 82.65 

7.1112 268.31 47.90 71.95 732.98 98.44 100.43 76.97 

5.9314 248.03 46.15 68.37 645.98 99.03 98.41 66.37 

4.6217 221.55 43.51 63.94 573.73 97.17 99.32 61.57 

3.6170 200.37 41.35 60.07 513.33 98.43 99.07 52.99 

2.7948 183.17 39.41 57.07 455.66 95.64 96.36 49.17 

1.7409 154.46 35.73 51.16 376.25 96.52 96.67 41.63 

1.2742 141.07 33.37 48.28 329.97 97.70 97.95 35.77 

0.8146 122.20 30.75 44.33 281.07 97.79 96.97 32.54 

0.4978 105.75 28.24 40.75 239.30 96.05 95.58 29.40 

0.4611 109.43 28.89 43.01 241.20 92.31 95.45 28.96 
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Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=65%) 

Annulus #2 
(e=00%) 

Annulus #4 
(e=85%) Inlet Outlet [Psig] 

0.3081 100.99 27.17 40.10 218.25 92.65 94.34 27.32 

0.1793 88.85 25.20 36.85 194.10 91.98 94.51 24.09 

0.0625 71.87 21.61 31.91 157.65 92.36 93.62 19.89 

 
   Table 22 Experimental Data for Polymeric Fluid (XCD-PAC8) 

Flow Rate  Differential Pressure [inch H2O] Temperature [°F] Pressure 

[gpm] 0.5” Pipe  Annulus #1 
(e=65%) 

Annulus #2 
(e=00%) 

Annulus #4 
(e=85%) Inlet Outlet [Psig] 

14.1900 514.07 78.84 126.91 1478.64 84.66 84.72 166.96 

13.0491 488.09 76.51 122.12 1385.93 82.93 84.20 157.65 

11.9077 463.95 73.89 118.46 1300.25 85.40 86.13 143.06 

10.7103 447.12 71.35 113.89 1210.11 82.80 86.19 132.22 

9.3385 415.95 68.09 108.99 1121.55 83.26 85.10 118.16 

8.2145 392.54 65.33 104.21 1051.68 83.17 85.91 109.32 

7.2364 377.08 62.85 99.46 990.24 83.96 84.42 99.23 

6.2585 352.15 60.00 94.81 921.33 82.60 85.65 95.24 

5.0715 327.66 56.02 87.98 831.24 82.96 85.10 86.54 

3.8427 294.86 51.28 80.16 732.42 85.13 85.58 74.57 

3.2611 280.02 48.81 76.61 695.59 83.05 85.43 70.74 

2.6034 251.86 45.31 71.22 625.39 82.47 85.63 63.74 

2.0654 229.13 41.77 65.27 567.38 83.82 83.50 57.38 

1.5548 211.35 37.64 59.07 515.51 83.79 83.58 51.11 

1.0053 181.93 32.60 51.67 470.74 83.50 83.64 46.23 

0.5526 148.71 26.45 42.61 386.51 83.99 82.64 37.75 

0.4725 140.62 24.74 39.37 386.63 83.71 82.60 32.98 

0.2827 117.44 20.90 33.56 358.20 82.53 83.18 27.83 

0.1637 97.83 17.67 28.26 286.46 82.48 82.62 24.21 

0.0878 79.78 14.70 23.37 279.86 81.88 82.18 19.63 

0.0459 66.10 12.35 19.51 215.51 80.90 81.85 16.76 

0.0246 56.09 10.51 16.69 196.74 81.63 82.83 14.23 

 
 
Table 23 Discrepancies between Model Prediction and 
Measurements for Annulus #1 

Model I Model II Model III

8 XCD5 100% 2% 8% 16%

9 XCD6 100% 13% 3% 10%
10 XCD7 100% 5% 10% 21%

11 XCD8 100% 4% 7% 15%
12 XCDPAC4 100% 6% 3% 7%

13 XCDPAC5 75% 6% 10% 5%

15 XCD9 75% 8% 10% 6%
17 XCD10 65% 5% 7% 4%

18 XCDPAC8 65% 6% 9% 3%
6.1% 7.4% 9.7%

2.9% 2.6% 5.9%

Absolute Difference

Standard Deviation

Average Error

Test No. Test Fluid Eccentricity

 
 

Table 24 Discrepancies between Model Prediction and 
Measurements for Annulus #2 

Model I Model II Model III

8 XCD5 100% 2% 8% 17%

9 XCD6 100% 13% 2% 12%
10 XCD7 100% 4% 14% 21%

11 XCD8 100% 3% 10% 16%
12 XCDPAC4 100% 3% 4% 7%

13 XCDPAC5 60% 8% 10% 8%

15 XCD9 60% 13% 13% 12%
17 XCD10 0% 5% 5% 5%

18 XCDPAC8 0% 2% 3% 3%
5.9% 7.7% 11.2%

4.2% 4.1% 5.7%

Average Error

Standard Deviation

Test No. Test Fluid Eccentricity
Absolute Difference
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Table 25 Discrepancies between Model Prediction and 
Measurements for Annulus #3 

Model I Model II Model III

1 XCD1 100% 9% 2% 4%

2 XCD2 100% 11% 10% 30%
3 XCD3 100% 8% 8% 29%

4 XCD4 100% 8% 3% 10%
5 XCDPAC1 100% 8% 2% 4%

6 XCDPAC2 100% 6% 3% 4%
8.3% 4.7% 13.5%

1.5% 3.1% 11.5%

Average Error

Standard Deviation

Absolute Difference
Test No. Test Fluid Eccentricity

 
 

Table 26 Discrepancies between Model Prediction and 
Measurements for Annulus #4 

Model I Model II Model III

8 XCD5 100% 9% 11% 31%

9 XCD6 100% 12% 16% 23%
10 XCD7 100% 11% 13% 18%

11 XCD8 100% 12% 14% 17%
12 XCDPAC4 100% 7% 9% 10%

13 XCDPAC5 80% 9% 3% 5%

15 XCD9 80% 15% 7% 9%
17 XCD10 85% 14% 7% 13%

18 XCDPAC8 85% 27% 25% 24%
12.9% 11.7% 16.7%

5.5% 6.1% 7.8%

Absolute Difference
Test No. Test Fluid Eccentricity

Average Error

Standard Deviation  

 

Appendix A – Concentric Annular Flow 
 

Consider Yield Power-Law fluid flows between concentric drill pipe and borehole as shown in Fig. A-1.  

Due to the yield stress, there will be unshared portion of the fluid, which moves as a solid plug. The plug has a 

ring shape with inner and outer radii a and b, respectively. The velocity profile of the flow is shown in Fig. A-1. 

The plug velocity, Up, is constant and the shear stresses at the plug boundaries are equal to the yield stress, τy.  

z

r
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Fig. A-1 Laminar Flow of YPL fluid in concentric annulus 

 
In the sheared region I, the momentum balance for any ring (Fig. A-2) with the outer radius (r) and inner 

radius (Ri) is given by: 
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where τw,i is the shear stress at the pipe wall and ∆P = P1-P2. 
After simplification, Eq. A-1 can be written in this form: 
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Fig. A-2 Shear Stresses in Region I 
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The shear stress at the inner plug boundary (i.e. r = a) is equal to the yield stress. Hence, Eq. A-2 is written for 
the inner plug boundary as: 
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Since the velocity gradient, du/dr, is positive in this region, the constitutive equation can be expressed as: 
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An expression for the velocity gradient can be obtained by combining Eqs. A-2 and A-4.  Thus: 
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Assuming no slip condition at the wall, an expression for the velocity profile is obtained by integrating Eq. A-5. 

Hence, the velocity profile in region I (i.e. for Ri = r = a) is given by: 
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The velocity at plug boundary (i.e. r = a) can be determined as: 
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Similarly, the momentum balance in the sheared region II (i.e. 

b = r = Ro) can be written for any ring (Fig. A-3) with the outer 

radius (Ro) and inner radius (r) as: 
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The velocity gradient, du/dr, is negative in this region, therefore, 

Fig. A-3 Shear Stresses in Region II 
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the constitutive equation is expressed as: 
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An expression for the velocity gradient is given below which is obtained by combining Eqs. A-8 and A-9. 
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By integrating Eq. A-10 and applying no slip condition at the wall, the velocity profile in region II is expressed 
as: 
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The velocity at plug boundary (i.e. r = b) can be determined as: 
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The plug velocity, Up, is constant. Hence, Eqs. A-7 and A-12 can be combined to match the velocity profiles as: 
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The overall momentum balance for the flow can be written as: 
 

)(2)( ,,
22

iiwoowio RRLRRP ττππ +∆=−∆                  (A-14) 
 
After simplification, Eq. A-14 can be in this form: 
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where β  is expressed as: 
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Similarly, the momentum balance for the plug region can be written as: 
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After simplification, the above equation (A-17) can be used to determine the plug thickness (b-a) as: 
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It is worthwhile to note that the plug thickness has a physical constraint (i.e. 0 = b-a < Ro-Ri), which limits 

its value. This physical constraint can be used to avoid imaginary solutions. In order to obtain a relationship 

between pressure drop and volumetric flow rate, the plug velocity and the velocity profiles of the sheared 

regions need to be determined using Eqs. A-6 and A-11.  However, these two equations require values of wall 

shear stresses and inner and outer radii of the plug, which are also unknown. In order to obtain the unknowns (a, 

b, τw,i and τw,o), a system of four equations (A-3, A-13, A-15 and A-18) are established. This system is non-

linear and requires an iterative procedure with numerical integration to get the unknowns. After determining the 

values of wall shear stresses and inner and outer radii of the plug, the continuity equation can be applied to 

compute the flow rate numerically as: 
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Appendix B – Numerical Procedure for Equivalent Pipe Model (I) 
 
The following procedure gives a unique solution for determining frictional pressure in eccentric annular flow 

with YPL fluid, if the mean velocity (U), diameter ratio (κ), hydraulic diameter (Dh = Do - Di), dimensionless 

eccentricity (e) and rheological parameters (τy, m and K) are known: 

 
Step 1. Assume Cc = 1;  

Step 2. Calculate wall shear rate in equivalent pipe (γw,p) by adopting the pipe wall shear rate equation 

(development of the pipe wall shear rate equation is available in the first report) as; 
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Step 3. Determine equivalent pipe wall shear stress as: 

m
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i
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Step 4. Calculate the value of x  (x =  τy/τw,p); 

Step 5. Update the value of Cc using Eq. (11);  

                  
 

Step 6. Update the value of pipe wall shear rate (γw,p); 
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Step 7. Recalculate equivalent pipe wall shear stress as: 
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Step 8. Repeat Steps from 4 to 7 until  
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Step 9. Determine flow behavior index for equivalent pipe from Eq. (10) 

Step 10. Estimate geometric parameters using Eqs. (19) and (20) 

Step 11. Calculate the average wall shear rate from Eq. (8) 

Step 12. Determine average wall shear stress by: 
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Step 13. Determine frictional pressure gradient as: 
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Step 14. Calculated the Reynolds number from the average wall shear stress as: 

w

U
τ
ρ 28

Re =  


