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ABSTRACT

Drainholes have been drilled in several areas of the world and there is a need to under-
stand these drainage systems for accurate well test analysis. A drainhole pressure transient
solution could also aid in the evaluation of production induced drainholes. Although pressure
transient analyses have considered many reservoir systems, there has been no publication to
date of pressure transient analysis for horizontal drainholes.

This study presents an analytical solution for the transient pressure response of a uniform
flux horizontal drainhole in an anisotropic reservoir of finite thickness. The solution also ap-
plies for a reservoir with multiple drainholes in a vertical array. The analytical solution is
developed using instantaneous source functions, Green’s functions and the Newman product
method. The solution shows that there are two possible types of transient pressure behavior
depending on the length of the drainhole relative to the height of the reservoir. If the drainhole
is short, flow is characterized by three flow periods: an initial radial flow perpendicular to the
drainhole axis, a transition flow period, and a pseudo-radial flow period. If the drainhoie
length is long relative to the reservoir height, the initial radial flow period ends instantaneously
for all practical purposes. The transient pressure behavior here is identical to that of a uniform
flux vertical fracture and is characterized by early time linear flow followed by a transition
period and late time pseudo-radial flow.

It is demonstrated that the pressure transient response for multiple drainholes is identical
to the single drainhole solution if dimensionless variables are defined relative to the number of
drainholes. Consequently, the pressure response of a uniform flux vertical fracture can also be
approximated by several short drainholes. The solution for infinite conductivity drainholes is
also suggested by analogy to the infinite conductivity vertical fracture solution.

Log-log type curves are presented for various drainhole radii and can be used in the con-
ventional manner to determine reservoir characteristics including directional permeability or
drainhole half length. Short and long time approximations are presented along with appropriate
time limits. Finally, conditions for greater productivity than with vertical wells or hydraulic
fractures are presented.



1. INTRODUCTION AND LITERATURE REVIEW

Drainholes are horizontal bores drilled from a vertical wellbore to increase production.
Drainholes may also occur naturally as suggested by well test data from several Canadian
wells. The purpose of this study is to present the means for analysis of these systems by
determining the pressure transient response of a reservoir with horizontal drainholes.

Recently, many applications of horizontal drainholes have been attempted or suggested
(Hyland, 1984; Holbert, 1981; Ddorel, 1983; Stamp, 1980; Wash, 1981; Monroe, 1980;
Striegler, 1982; Giger et al., 1984; Baturin ez al., 1979; Kovalenko, 1981; Bragin er-al., 1970;
Astier et al., 1981; Quinn and Meyer, 1981; Towson and Meyer, 1981; Butler and Stephens,
1982; Smith et al., 1981; Allen, 1981; Levinson et al., 1982; Luque et al., 1979; Willman,
1983, 1981; Ware, 1982; Butler, 1978). This increased popularity is due mainly to more at-
tractive economics and better drilling technology (Hyland, 1984). Applications for drainholes
includes: productivity index increases, injectivity index increases, greater sweep efficiencies by
line flooding ‘from one drainhole to another, water and gas coning reduction (Stampe, 1980;
Wash, 1981; Monroe, 1980; Striegler, 1982) penetration of narrowly missed target zones, inter-
section of naturally occurring vertical fractures and reduced wellbore damage (Hyland, 1984).

The available drainhole literature can be categorized into areas of operational feasibility,
productivity increases, and EOR applications. The operational feasibility literature documents
the development of flexible drill collars along with better directional drilling (Hyland, 1984;
Holbert, 1981; Dorel, 1983). These technological advancements have greatly reduced the
amount of risk involved in drilling horizontal drainholes. Areas of the world where horizontal
bores have been drilled, with positive results include California (Stormont, 1953), Texas
(Stamp, 1980; Wash, 1981; Monroe, 1980; Striegler, 1982), France (Dorel, 1983; Stamp, 1980;
Wash, 1981; Monroe, 1980; Striegler, 1982; Giger et al, 1984), Italy (Colamasi and delle
Canne, 1963), and the USSR (Baturin et al., 1979; Kovalenko, 1981; Bragin et al., 1970).

The first studies on drainhole productivity using potentiometric models were presented in
the mid-1950’s by Perrine (1955), Roemershauser and Hawkins (1955), and Landrum and
Crawford (1955). These three studies concluded that (1) drainhole length is of primary impor-
tance to productivity, (2) additional drainhole footage is more effective on a single drainhole
than as additional drainholes, and (3) increases in productivity are proportional to the combined
length of all drainholes in the system until a point is reached were additional benefit per added
foot begins to diminish. The conclusions of these reports are explained by the drainhole pseu-
do skin factor presented in this study.

Publications have been presented in the early 1980’s that give analytical expressions and
field results for determining expected productivity increases (Giger et al., 1984; Borisov, 1964;
Merkulov, 1958; Giger, 1983). The studies showed that horizontal bores were most advanta-
geous for:

- tight reservoir especially if vertical fractures are suspected

- thin beds

- thin oil columns or a small density difference between water and oil
- soft formations such as chalk that are likely to collapse

The third area of drainhole literature is EOR applications of drainholes. The primary
work in this area is from Canadian production of heavy crudes (Quinn and Meyer, 1981;
Towson and Meyer, 1981; Butler and Stephens, 1982; Smith er al., 1981). In general, suggest-
ed or applied uses include continuous steam injection, huff and puff techniques, production of
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tight chalk formations and gravity drainage of steam heated oil through parallel drainholes
(Quinn and Meyer, 1981; Towson and Meyer, 1981; Butler and Stephens, 1982; Smith ez al.,
1981; Allen, 1981; Levinson et al., 1982; Luque et al., 1979; Willman, 1983; Ware, 1982;
Butler, 1978; Willman, 1981). :

Although no published studies on the pressure transient analysis of horizontal drainholes
currently exist, several studies in the pressure transient analysis literature are applicable to this
study. First is the partially penetrating uniform flux fracture solution presented analytically by
Raghavan et al. (1976). The general vertical fracture solution presented analytically for infinite
conductivity and uniform flux fractures by Gringarten et al. (1974) will be used to compare
many similarities of the horizontal drainhole pressure transient response. A third study of in-
terest is the pressure transient response for a slanted wellbore presented by Cinco (1974).
Limiting cases of these three studies approximate the drainhole case and can be used for vali-
dation of the drainhole solution. ‘ i
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2. DISCUSSION OF HORIZONTAL DRAINHOLE TRANSIENT PRESSURE
RESPONSE

2.1. METHOD OF SOLUTION AND VALIDATION

The solution to the pressure transient response of horizontal drainholes was derived using
instantaneous source and Green’s functions together with the Newman product method. The
combined application of these two methods for petroleum engineering problems was first
presented by Gringarten and Ramey (1973). Green’s Functions are used to find the adjoint
problem associated with the problem to be solved. In the process of determining the adjoint
problem, a solution of the integral type to the original problem is found in terms of the Green’s
function, which at that point is still unknown. The solution to the adjoint problem, which is
often simpler, provides the required Green’s function. The Green’s function can then be used
to solve the original problem.

A physical description of the problem addressed by this study is illustrated in Fig. 2.1.
The drainhole is represented as a constant rate line source of length 2x¢ in a reservoir of height
h with impermeable upper and lower boundaries. The reservoir is infinite in the x and y direc-
tions with directional permeabilities of &, k,, and k,. The drainhole is located at height z,,
above the bottom of the reservoir. The center of the drainhole is defined by x,, and y,, the dis-
tances from the origin in the x and y directions respectively. '

The equation governing flow is the diffusivity equation as derived from the continuity
equation and Darcy’s Law (Matthews and Russell, 1967; Hubbert, 1956);

azp(M,t) azp(M ,0) sz(M 2) dp(M.1)
. + + 1, o — 2 =0 2.1
where:
n kj j
. TN em—— = x’ 4 or.r
=3 J B4 ;

The assumptions implied by the diffusivity equation are: slightly compressible fluid, homogene-
ous and anisotropic porous medium, constant permeabilities, porosity and fluid viscosity, small
pressure gradients, and negligible gravity effects.

The instantaneous point source solution is expressed by (Gringarten and Ramey, 1973):

_ |
_ :;A.z_] o2

PM.t) = —d—0u
PP = et exP[ ane

The equation gives the pressure drop Ap from the initial pressure created at a point M at time
t by an instantaneous point source P of strength ¢q. Equation (2.2) is a solution to Eq. (2.1).
Because Eq. (2.1) is a linear partial differential equation, the principle of superposition in time
and space can be used to generate the pressure response for a continuous source of any shape.
The general expression defining pressure drop at time ¢ and point M due to a continuous source
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is obtained by integrating the instantaneous source function with respect to time-from 0 to ¢.
Thus, the general expression for pressure drop is:

!

Ap(M,1) = 74%; ![qmsw,r - dt | (23)

In Eq. (2.3) S is the instantaneous uniform flux source function for the particular source-
reservoir system. ' :

The necessary instantaneous source function for the drainhole configuration shown in Fig
2.1 can be obtained using the Newman product method (1936). Newman has shown that for
certain types of initial and boundary conditions, the solution to a three dimensional heat con-
duction problem is equal to the product of the solution of the three one-dimensional problems.
Thus, if a source-reservoir system can be represented as the intersection of three one-
dimensional source-reservoir systems, then the instantaneous uniform flux source function is
defined by the product of the three one-dimensional instantaneous source functions.

The derivation for many instantaneous source functions useful in pressure transient
analysis has been presented previously by Gringarten and Ramey (1973). These instantaneous
source functions were used to generate the necessary instantaneous source function for the
drainhole-reservoir configuration. The system shown in Fig. 2.1 can be thought of as the inter-
section of three one-dimensional systems as shown in Fig. 2.2. The first source is a slab
source infinite in the y and z directions and of thickness 2xx The instantaneous source function
for an infinite slab source is given (Gringarten and Ramey, 1973) as:

1 2L+ @-x) o @-x)
S(x,t) = E' erf—————ee— 4 erf-

e 2.4
2\ 2\, @4

The second instantaneous source is that for an infinite plane source in the x — z plane. The in-
stantaneous source function for an infinite plane source is given (Gringarten and Ramey, 1973)
as:

0’ - yw)z
an,t
2«]1:11,:

SO = 25)

The third instantaneous source function needed to generate the drainhole solution is that for an
infinite plane source in a slab reservoir. This is also presented by Gringarten and Ramey
(1973) as:

>
o nmr t 4
S(z,0) = 711- 1+ Z’EexP [.. = z ] cos mc-—h‘f- c;os n= (2.6)

h
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Figure 2.2 shows that the intersection of Egs. (2.4), (2.5), and (2.6) is the necessary
configuration describing the drainhole system. By the principle of the Newman: product
method the instantaneous source function for the drainhole system is given as the product of
the three individual source functions. The instantaneous source function for the drainhole sys-
tem is shown in Eq. (2.7).

2
= n
S(x,y,2,0) = -}-11— 1+2Yexp [— zt] cos m\:ih'l cos nr-
n=1

R h
2.7)
(y_yw)z
| Frems Feem el
= |erf —=— +
2|7 e T 2 2y

Substituting Eq. (2.7) into Eq. (2.3) yields the pressure drop at any point M due to the
drainhole:

4
2
Ap(x,y,2,t) = #_(‘:CI(T)-}; 1+ Zglexp [— i 7 2 ]cos nnf};-cos nn-i
2.8)

(y - yw)2

Ti-n) L -em |-
R erf 2 +erf 2 M,yT &
2 2Vt 2\n,t ZV-W_TI;’?
where
gy = 2‘xf q

Total flowrate, g, is assumed constant and the flowrate per unit length, ¢(t), can be taken out
of the integral.

The relation between Ap and pp is given by Eq. (2.9).

P
Do g

(2.9)
Combining Eqgs. (2.3) and (2.9) yields the dimensionless pressure drop at any point in the
drainhole system:

!

21:/51: ‘[ qOS(xyz,t ~ 1) dT (2.10)

Pp=

where S(x, y, z, t — 1) is defined by Eq. (2.7).
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To facilitate the analysis of the solution to the drainhole source, Eq. (2.10) should be ex-

' pressed using dimensionless variables. The solution suggests

x—xw
=(1+ im - ]
xp = ( )'\/ l

mensionless variables.

yD_y—yw
X,
'
Z—=2Zy -
ZD—‘ X¢ ‘J,k,
Zy
zwD__h'
LD:%‘\,.ZZ
tp= kyt
nocx?

 Substituting the definitions of xp, yp, zp and #p into Eq. (2.10) yiélds:

p

_ Tk [ xube
Hocxy 0 kyh

Pp

h

o

1+2%exp
=1 nyh

zw
COS n——Cos§ N

1 x{1 + xp) x{1 - xp)
— lerf + erf:
2 [ N pe Wi

ool 22]
L wod),

2Nl

the following deﬁnitions'of di-

@2.11)
(2.12)
(2.13)
(2.14)
(2.15)

(2.16)

(2.17)
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Substituting for the remaining dimensionless variables and simplifying yields the following
‘general expression for the dimensionless pressure as a function of space, time and system
geometry: ' '

ip

PD(xD’ ¥p» 2ps ZyDs LD’ tD) = -\:il[l + ZZCXP [—' nzﬂzL%{D]COS mtzwD

’ml
D
) _ exp [—‘- 2{—-]
cos nr(zplp + z,p)] [elf—(-la-:j:?_:)—u) + erf (12\17":_:7)} = D dfp (2.18)

Equation (2.18) is the basic solution to the drainhole problem considered in this study. The
analytical solution shown in Eq. (2.18) cannot be expressed by known functions except for
some limiting cases. To obtain solutions for any desired location or system configuration it
was necessary to evaluate the solution using Simpson’s Rule. A program was obtained from
Roland Horne which was used previously by Horne and Temeng (1981) to determine pinchout
locations from pressure transient analysis. The program uses Simpson’s Rule to evaluate
definite integrals given the instantaneous function. The program was modified to solve the
definite integral of the drainhole instantaneous source function (Appendix A). Tabulated
results of dimensionless pressure are shown in Appendix B for various points along the
drainhole and various dimensionless drainhole lengths and radii.

As an example of the tabulated data, Figs. 2.3 and 2.4 show Pp as a function of dimen-
sionless time for various dimensionless drainhole lengths at xp = zp = 0 and yp, = 0.005. Note
that these figures correspond to the pressure response at the center of a drainhole having a ra-
dius r,4=0.005x, Type curves for the tabulated results in Appendix B are given in Appendix C.

Three cases found in the literature were considered for validation of the derived solution.
These are (Raghavan et al., 1976; Gringarten et al., Cinco-Lay, 1974):

1. Partially Penetrating Uniform Fracture
- ( Raghavan et al., 1976 )

let he/xe— 0

2. General Uniform Flux Fracture Solution
- ( Gringarten et al., 1974 )
let Lp — >10

3. Slanted Wellbore
- ( Cinco, 1974 )
let 6, = 90°

The partially penetrating uniform fracture should approach the drainhole solution when the
completion interval, A relative to the fracture half length, xg, approaches 0. The values of hy Ixg
presented by Raghavan were not small enough for the drainhole solution to approximate the
partially penetrating uniform flux fracture.
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The second study used to verify the analytical drainhole solution is the ‘uniform flux fully
penetrating vertical fracture, first solved analytically by Gringarten and Ramey. Comparison of
these results are covered in Section 2.7. The analysis in that section shows that the solution to
a multiple vertical array of drainholes does approach the uniform flux vertical fracture solution
as the number of drainholes in the reservoir increases.

Validation was obtained from the slanted wellbore solution although solutions were only
presented for deviations from vertical up to 75°. Cinco defined the variable 8,, as the well de-
viation from vertical and plotted p,,p vs. tp for various hp = h/r,. To match with the drainhole
solution, the slanted wellbore was approximated as a horizontal drainhole with the same hor-
jzontal projection as a well slanted at 75°. Trigonometry implies that 0,, is related to Lp by Eq.
(2.19). ‘

Lp
tan9w=—2— et Piys - (2.19)
The drainhole pressuré point ,correspondihg ‘to the slanted wellbore preSsure point is
xp =zp =0 and yp = ry, /x. Given hp, a yp can be determined from Eq. (2.20).

(2.20)

Cinco defined p,p as shown in Eq. (2.9) but defined dimensionless time with respect to r,,.
The relation between the two dimensionless times is shown below.

| ¢ —’t : ’%" | 2.21
D = IDw xfz (2.21)
| and frbxﬁ Eq (2.20):
{_';2“1]-— 1 (2.22)
x; (hpLp)? '

Cinco’s results for hp = 100, 6,, = 75° were used to verify the drainhole solution. The
conversion of these values to drainhole dimensionless definitions using Egs. (2.19) and (2.20)
yields yp = 0.0054 and Lp = 1.866 and ¢p = 2.872 X 1073 tp,,. Figure 2.5 shows the results of
the match. The two solutions are within 1% at all times. The error that is present is probably
due to the approximation of the slanted wellbore as horizontal. The results verify the drainhole
solution and suggest that small variations from the horizontal do not significantly effect the
pressure transient response.

-~

Additionally, the drainhole solution is equivalent to the pressure transient response for the
partially penetrating well solution (Gringarten and Ramey. 1974; Hantush, 1957) if the x and z
coordinates are switched and the reservoir height in both cases approaches infinity. This case
was not considered due to the validation provided by the three cases above. The limiting cases
of the published studies do validate the analytical solution presented here for the uniform flux
horizontal fracture. The following sections discuss the observations and results derived from
the analytical solution.



2.2, SHORT TIME APPROXIMATION

The purpose of this section is to describe the flow into a drainhole during early time. The proper
short—nme approximation for dimensionless pressure is derived along with the appropriate time limits.

> short time approximation will be derived by approximating the instantaneous source function for
each of the three component systems.

For small values of tp the expression:

X
+ 1 223
M{ Nop ] - @2

approaches one for positive values of x and approaches negative one for negative values of x. Thus, the
instantaneous source function given by Eq. (2.4) is unity at early time. The proper time lmut for. this
approximation is presented by Gringarten and Ramey (1973) as:

52
20n,

t< for x| < x; (2.24)

where 0 is defined as the minimum distance to the nearest source boundary. For the drainhole problem
this minimum distance is the distance from x to X

o= - x| (2.25)

From Eq. (2.24) the short time approximation for the dimensionless instantaneous source function is
given by Egs. (2.26), (2.27), and (2.28) for points between the tips of the drainhole, on the tips and
beyond the drainhole respectively.

S(x,t) =1 (2.26)
S(x0) = —;- @27
S(x,5)=0 (2.28)

At early times there is no flow in the reservoir beyond the edges of the drainhole from Eq. (2.28). The
appropriate time limit is obtained by combmmg Egs. (2.24) and (2.25). This maximum time is the end
of the short time flow period, ¢, and is given in Egs. (2.29) and (2.30).

(1 = xp)
) < _..__2.6...... Xp #1 (2.29)
1
tpS 5~ xp=1 (2.30)

20
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The instantaneous source function for an infinite plane in a slab reservoir, Eq. (2.6), can be ap-
proximated at short time by Eq. (2.31) (Gringarten and Ramey, 1973; Gringarten, 1971).

S(z,0) = 1 exp |- (z zW)z (31
N ang
when
n,t
@ +z,)? 1
maxy .t < 20 (2.32)
L(z + z,, - 2h)?

“Substituting the definitions for dimensionless variables from Egs. (2.13) through Eq. (2.16) into Eq.
(2.31) yields the following dimensionless short time approximation of Eq. (2.6):

% 1 )
S(zp, tp) = - . T exp[— 2;] (2.33)
2

when

[zp + 'E;(Zwu - 1)]

£,p < min { 20 (2.34)

ZwD
4 2=
lzp L 1

20

The short time approximation for the drainhole system is the product of the three short time in-
stantaneous short time approximations, Eqgs. (2.33), (2.26) and (2.5). The result is Eq. (2.35):

r

S(x YDsZ, tD)= — 1 exp.._izl?..
DY Dy<¢Ds kz foa\h_t?D— k 4tD
(2.35)
L exp ¥ |
Rip 4ip |
Substituting Eq.(2.35) into Eq. (2.10) yields:
D gx 22 A }%
P 4:',, ,
Po(YDs2pstD) = = j dt'p (2.36)
z 0
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Equation (2.36) can be expressed in terms of the exponential integral as shown in Eq. (2.37).

1| By
PD= 4LDE1[ P ] (2.37)

The form of the short time approximation is similar to the expression for radial flow when
JL%) +~y,2) is replaced by r% (Earlougher, 1977). That dimensionless pressure can be expressed as a func-
tion of time and radius from the source suggests that flow toward a drainhole at early times is radial.
The end of this radial flow period is given by Egs. (2.29) and (2.34).

The exponential integral can be approximated by a natural log expression when the argument of
the exponential integral is less than 0.0025 (Earlougher, 1977).
~ Ei(~x) = m{i] - 0.5772 (2.38)
x

for x < 0.0025

For the drainhole case:

zb + b
x= -——‘;;—- (2.39)

From Eqs. (2.38) and (2.39) the short time exponential integral can be represented within 1% using the
natural log function as shown in Eq. (2.40a). This natural log function is applicable if #p is adequately
large as defined by Eq. (2.41).

p=1 In p
T

+ 0.80907 J (2.40a)

or

= 05156 [\ ®
Lp zh+¥

+ 0.351375 ] (2.40b)

when
tp > 100(z3 + y3) (2.41)
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Combining Egs. (2.29), (2.34) and (2.41) defines the conditions that must be present for a plot of short
time dimensionless pressure drop against the log of dimensionless time to be a straight line:

,

(1 - xp)?
20
2

ZwD
[zp + 2—1
D LD

20
2 2
[zp + ‘z—(ZwD - 1]
D

100(z3 + y3) < min

(2.42)

| 20

If Eq. (2.42) is satisfied, a semilog straight line will begin at a fp defined by Eq. (241) and end at a zp
defined by the minimum of Egs. (2.29) and (2.34). Note that the above conditions define when the
semilog straight line occurs within 1%, but if Eq. (2.42) is almost satisfied than the short time approxi-
mation will appear nearly straight for practical purposes.

Figures 2.6 and 2.7 compare the short time approximation given by Eq. (2.37) to the dimension-
less pressure drop shown in Figs. 2.1 and 2.2. The figures show that the short time approximations are
accurate for the defined time limits.

Two observations can be made from Figs. 2.6, 2.7 and Eq. (2.40b). First, the short time approxi-
mation has a slope of 0.5756/Lp when plotted on semilog graph paper. The significance of this short
time slope is that the drainhole half length can be determined if skin and storage effects become negli-
gible before the end of the short time flow period. The second observation is that initial radial flow ends
quickly if the dimensionless fracture length is sufficiently large as defined by Eq. (2.34).

The solution obtained in this study is for a drainhole of uniform flux represented by a line source.
Drainholes that have been drilled and cased will most likely be infinite-conductivity acting. Pressure
along an infinite conductivity source is by definition uniform. Since the short time approximation is not
a function of xp, the pressure is uniform along the drainhole and the uniform flux short time approxi-
mation is also the short time solution for the infiniite conductivity drainhole. T

It was stated previously that the short time approximation in Eq. (2.37) is not accurate even at
reasonably small times if Ly is large. Figure 2.6 shows that for such cases the early time log-log plot
of Pp vs tp is a straight line of slope 1/2. Such behavior indicates that early flow is linear for large
Lp. A further comparison of the drainhole solution to vertical fractures is presented in Section 2.7.

2.3. LONG TIME APPROXIMATION

The purpose of this section is to show that after a period of time flow, into a drainhole is pseu-
doradial. The long time approximation for the dimensionless pressure response is presented and the be-
ginning of the pseudoradial flow period is defined.

The long time behavior of the pressure transient response due to a uniform flux drainhole can be
determined by referring to the instantaneous source functions for each of the three component systems
used to generate the problem, Egs. (2.4), (2.5), and (2.6). The instantaneous source function for an
infinite plane source in an infinite slab reservoir, Eq. (2.6), can be approximated (Gringarten and
Ramey, 1973) within 1% by 1/A in Eq. (2.43). ,
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- 2
n zt Zw r4
1+2Yexp [— } cosnt— cosnt—| —»

1 1
g) = — - 243
S =g+ 22 e B K| T h @243
when
542
t D — (2.44a)
T 'lz
or
tp 2 — (2.44b)
L3

The instantaneous source function for an infinite plane source, Eq. (2.5), can be approximated by ex-
panding the exponential term (Handbook of Mathematical Functions, 1964) as in Eq. (2.45):

exp- 0w
Sty,1) = My 1 b b oL (2.45)
; 2N 2xplmep 4 324 3
The left hand side of Eq. (2.45) can be approximated by the first term in the expansion when:
1 2 lOOy}) (2.46)
2Ty Arp 2xmip '
or:

The third instantaneous source function, Eq. (2.4), can be approximated by expansion of the error func-
tion (Abramowitz and Stegun, 1964).

r 1 ﬂzn_’.l
- +Xp
L
erfl e | = 23—\ 2t (2.48)
2{:; ~\E!:-n=0 nl(2n+ 1) )
3
—1_ +xD (l

2 3 T ) ]
= - +0 35
\r1p 129, >

The first term is an accurate expression of the error function within 1% when:

-1- + Xp 100(‘}" + XD)3
2 2

2 (2.49)
Vrip 12V,
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or

2 ;
tp 2 — ["‘ + XD] (2.50)

1 1
5 ~*D )]
2 2
e 2.51
i 2Vt \np @3
when
2511 2
tp 2 '—3— [E - xD] (2.52)

The instantaneous source function for a drainhole is determined by substituting Egs. (2.43), (2.45),
(2.48), and (2.51) into the general expression for the drainhole instantaneous source function, Eq. (2.7):

1 1
1 PR
. + (2.53)

1 1
S(xps Yps Zps Zwpy Lps tp) = — —_
(xps ¥D» ZDs 2wDs Lps tp) h 2x,r——f ) = e

The dimensionless pressure long time approximation is then found by combining Eq. (2.53) with Eq.
(2.10) to obtain:

o
_n b I
Po(Xps ¥D» 2Ds 2wDs Lps tp) = 2 [1+ 2% exp|— n“r°Lpf p|cosnnz,p
=1
q| exp|- =—
(1 + xp) a1 —xD).I [ 41’1)]
. T + z,, it W, 2 dr. 2.54
cosn (ZDLD z D)] [erf 2_\/7; €7 2\/7; | _\/?—5 D ( )
Ip
1
+ foj dt,
3 2hmip

The above equation holds when the conditions prescribed by Eqgs. (2.44D), (2.47), (2.50) and (2.52) are
satisfied, namely when ¢p is greater than the beginning of the pseudoradial flow period, ¢;p, as defined
by:

(5

2Ly

25v%

[ 72

tp = Inax 4=/ "é' + Xp (2.55)

[" 2

312

. L o
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Letting p;p equal the first term in Eq. (2.54) then the long term approximation can be simplified to:

1. % ~
Pp=Epp+ —2- ln-tl—;- (2.56)

That late time pressure drop is a constant plus 1/2 Insy indicates that flow is pseudoradial after f;p is
reached. This is expected since all wellbore configurations in an infinite reservoir system should even-
tually reach a pseudoradial flow period indicated by a 1.1515 semilog slope. Equation (2.55) can be
used with type curve matching to determine if the appropriate semilog straight line was reached during
a well test. ‘

2.4. WELLBORE PRESSURE

The purpose of this section will be to present type curves for the pressure transient response of a
well with a uniform flux horizontal drainhole producing at constant rate. To evaluate: the typical
wellbore response, the wellbore location must first be defined. In this study the pressure transient
response at the longitudinal center of the drainhole was considered as the location of the wellbore (Fig.
2.1), pyp at xp = 0. To determine the effect of drainhole radius , 74, the pressure point was evaluated
a distance r4, away from the line source. The validity of this procedure can be drawn from analogy to
thé vertical well solution. The line source approximation for vertical wells has been shown (Earlougher,
1977) to approximate a finite radius wellbore within 1% for values of tD/rﬁ greater than 25.0 or for all
reasonable times if rp is greater than 20. Representation of a finite drainhole radius by a line source is
acceptable, by analogy, if:

0B+ 25 —L 2200 @57
rdh ;
or
D__ 53250 (2.58)
b+ '

The above criteria are satisfied over practical ranges of drainhole radii and time.

Cinco (1974) suggested that the wellbore pressure for a slanted well be evaluated at a point on
the circumference of the wellbore radius corresponding to the average pressure around that given cir-
cumference. His study suggested that for the drainhole case, the pressure drop should be evaluated a
points of zp = 0 and yp = ry/xx Evaluation of dimensionless pressure along the circumference of the
wellbore defined by 7z = V(y — yw)2 + (z — z,,,)2 for several values of #p showed that the point
O, rg/xf, 0) is a valid location for defining average wellbore pressure since pp along the circumfer-
ence never varied more than 0.005. ~

Log-log type curves of dimensionless welibore pressure (xp = zp = 0 and yp = ran'xp), for vari-
ous dimensionless drainhole lengths, Lp, are presented in Appendix B for various dimensionless
drainhole radii and locations. The log-log type curves for theses results are provided in Appendix C.

The analysis of well test data for horizontal drainholes can be conducted with the type curves us-
ing conventional type curve matching procedures presented in the literature (Ramey, 1976). The
definitions of dimensionless variables given in the first section suggest that the permeabilities in all
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in the first section suggest that the permeabilities in all three directions can be evaluated
through the match point technique if all the other variables in the respective dimensionless
group are known. The L, match point yields the ratio of k, to k. The pp match point yields
ky, and the x; match point yields k/kx. Thus, it is possible to determine the permeability in all
three directions. The ¢jic constant can be determined by the time match similar to convention-
al type curve matching. Note that k, can not be determined from well test data if Lp > 10 be-
cause flow in the vertical direction is no longer significant enough to influence pressure drop.
The pressure response lines converge to a single envelope of curves for Lp > 10.

The well test data can also be used with semilog straight line techniques to determine the
skin factor for the well (Ramey, 1976). The conditions for the start of the long time flow ap-
proximations define the beginning of the appropriate semilog straight line. The magnitude of
drainhole damage can be determined by subtracting the pseudo skin factor, to be presented in
Section 2.8, from the total skin factor. The result yields the mechanical skin factor which is
positive for a damaged drainhole and negative for a stimulated drainhole.

2.5. EXTENSION TO MULTIPLE DRAINHOLES

; The previous sections have described the solution for a single drainhole in an infinite an-
isotropic reservoir of height h. One hypothesis for the pressure transient response of some
wells is that multiple drainholes may be induced by production of reservoir fluids (White,
1982). Multiple drainholes have also been drilled in some reservoirs (Hyland, 1984; Stormont,
1953). The pressure transient solution for a multiple drainhole system will be investigated in
this section. ‘ ‘

A physical representation of the multiple drainhole system is given in Fig. 2.8. The sys-
tem is identical to the single drainhole system in all respects except that several drainholes are
present in a vertical array. In the figure, the number of drainholes is three although the solu-
tion is completely general for any number of m drainholes.

The general solution for a single drainhole was obtained by multipling together the in-
stantaneous source functions for each of the three component systems:

S( xp, yp» zp» tp) = S(xps tp) * SODs tp) * S(zps tp) 2.7

Note that the instantaneous source function in the z-direction was obtained by the method of
images as described by Matthews et al (1954). The configuration of the drainhole system in
Fig. 2.1 is represented mathematically as an infinite array of drainholes stacked vertically a dis-
tance h apart as shown on the left side of Fig. 2.9. The solid lines between the drainholes are
generate by the infinite array of drainholes and represent no flow boundaries in the reservoir. A
no flow boundary exists between each drainhole and the choice of which two to represent the
upper and lower reservoir boundaries defines the number of drainholes in the reservoir.

The solution for the multiple drainhole case can be considered as m identical solutions to
the single drainhole case stacked on top of each other where m is the number of drainholes.
The multiple drainhole solution requires only redefinition of the dimensionless variables with
respect to the number of drainholes in the reservoir.

The dimensionless pressure drop can be defined in terms of the total height of the reser-
voir, h, and the total flowrate from all the drainholes, q,.
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21tk hAp
pp = P (2.59)
quit
where
h=z,m (2.60)
qu=2xmgq (2.61)

Substituting Eqs. (2.60) and (2.61) into Eq. (2.59) shows that the m’s cancel and the dimen-

sionless pressure, as defined above, is equal to the definition for dimensionless pressure in Eq.
(2.9).

The pressure transient response is given by replacing & with z, in Eq.(2.18):

t
2

Ap(x, Y, 7, 1) = 312'1[‘7(1)21_ [1 +2%exp [— e "z"’T]cos =2 cos rm:—z-] (2.62)
n=1 ,

e ZZ 2, Z,

' 02’
| Zre-m Lo [
- | erf——— 4 erf- 2

2 2\nz 2\t 2\mn,T

Substituting Eqs.(2.59) - (2.61) into Eq.(2.62) yields:

t
—ee | 1] 4 ZZexp [_ iﬂ_] Zvn zm

Pp= mp,¢cxjh J = h2 cos nETCOS nn—};—
(2.63)
x -y’
i _,% +(x-x,) . _,_zz - (x—x,) | ©XP~ ant
T=—er] er]
2 2\/11,1 ! 24,1t 2«./1:11,1:

Equation (2.63) suggests that the dimensionless variables xp, yp, zp, and #p should still be
defined as in Section 2.1. Thus: '

_\n J' - nrin,f D’%mz\ Z,m zm
Pp= 2 J [l + ZZexp[ T]yhz Jcos nw . cos nx p (2.64)

| 1+ 1 N Y2 ]
*D = Xp D
e = dr
[e'f g T ] b
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If Lp and z,p are defined by Eqgs. (2.65) and (2.66) then the dimensionless pressure for any
point in the reservoir is given by Eq. (2.67).

Lp= —"%xi—\ /-i (2.65)

Zup = %’-’-’ (2.66)

Ip

2oxps Yps 2D Zwps Lps tp) = —1‘@-1’ [1 + 23 exp [— Ly D]cos nRz,p (2.67)
n=1

2
D
1+ 1- 47
sty » ] e
D

Note that Eq. (2.67) is exactly the same equation as the single drainhole solution, Eq. (2.18).
Also note that the definitions for dimensionless variables are also equivalent to the single
drainhole case when m = 1. The only adaptation necessary is to use the definitions of Lp and
z,,p from Egs. (2.66) and (2.67).

Because the solution is the same as for a single drainhole, all the results presented in the
previous sections are also valid for the multiple drainhole solution. The results of this section
suggest that Lp is not only increased by longer drainholes but also by the addition of more
drainholes. The implications of this observation are discussed in the next section.

2.6. UNIFORM FLUX VERTICAL FRACTURE SIMILARITY

As the number of drainholes in a vertical array in a reservoir increase, the pressure tran-
sient solution to the problem should approach the solution for the uniform flux vertical fracture
case. An infinite number of drainholes of length x, would exactly represent the flow into a vert-
ical fracture of length x. The previous section showed that increasing the number of
drainholes is equivalent to increasing Lp. Since Lp is also a function of drainhole length, the
uniform vertical fracture solution is approached if the dimensionless drainhole length is large.
This section will explain intuitively and show mathematically why the drainhole solution does
represent the vertical fracture solution for large values of Lp.

It was noted in Section 2.2 that early flow into the drainhole is linear toward the
drainhole if the dimensionless length of the drainhole is greater than 5 to 10. An equivalent
statement for this case is that the height of the reservoir relative to the drainhole length is too
small for much fluid to flow into the drainhole from above or below so flow appears linear.
This behavior at short time is similar to a vertical fracture where flow is also linear in the y-
direction. Initively, one would expect that later flow periods also represent the vertical frac-
ture case.
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The uniform flux vertical fracture solution was first solved analytically by Gringarten and
Ramey (1974). It is compared graphically to the uniform flux drainhole solution in Figs. 2.10
and 2.11. Note that the fracture solution appears similar to the drainhole solution for large Lp,
The solutions past very early time are identical to the vertical fracture case for Lp > 10.

The reason for the similarity can be seen mathematically by referring to the derivation of
the drainhole solution. The drainhole system was represented by the Newman product method
by multiplying three component systems together. The three component systems were (1) an
infinite plane source in the x and z directions, (2) an infinite slab source in the y and z direc-
tions, and (3) an infinite plane source in an infinite slab reservoir in the x and y direction. The
basic form of the solution was given by Eq. (2.18).

ip

pD(xD, YD ZDs ZwD» LD’ tp) = ijil[l + ZECXP [_ IIZ‘KZL%{D]COSHTCZWD (218)
=] ; '
exp [_ b ]
1+ XD) (1-2xp) 4{D
cosnn(aplp + 2up)|ferf— e i A L

The uniform vertical flux solution can be represented as a product of two component systems,
(1) an infinite plane source in the x and z directions and (2) an infinite slab source in the y and
z directions (Gringarten et al., 1974):

ip

Yt (1 +2xp) (1 -xp)
XDy YDy 2Ds ZwDs Lps tp) = —= | |erf + erf-
Pp(xp, YD ZDs Zwps Lps tp) 4J;'12\/7—D— 12_\17;

(2.68)

b
47

7

exp |-
dlp

In Eq. (2.68) the two instantaneous source functions are identical to the last two shown in Eq.
(2.18). This observation indicates that the two solutions will be identical if the Z function term
in Eq. (2.18) is equal to 1.0 for the drainhole case. The conditions for equivalence of the two
solutions can be defined by evaluating the behavior of this Z function term.

. The Z function term is equal to 1.0 within 1% when the summation term is less than
0.01:

Ziexp(— L) < 0.01 (2.69)
n=1

For large values of Ly the summation term can be represented within 1% by its first term only.
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Y exp (— n*n?Lep) = exp (- ®2Ltp) , (2.70)
=1
when
exp (- ©2L3tp) = 100exp (- 4n’Liep) (2.71)
or
0.3943
Lp= 2.72
D ‘\/E ( )

Substituting Eq. (2.70) into Eq. (2.69):

2exp (- ©2L3tp) < 0.01 (2.73)
or
0.7327
Lp2 (2.74)

Therefore the Z function term is equal to 1.0 after a critical ¢, defined as t.p:

2
tp 2 0'72227 2.75)

D

The general expression for dimensionless pressure drop, Eq. (2.18) can then be written as:

o
Pp= tEZ(ZD’ ?p) - YOp, ¥p) - X(xp, ¢p) d'p (2.76)
Vz o
+—::—I Y(}'D, {D)‘;X(XD, {D)d{D

Note that the second integral is equal to the general expressxon for pressure drop due to a uni-
form flux fracture. Therefore, the drainhole solution is equivalent to the uniform flux fracture
solution if the first integral is negligible.

The first integral can be represented by the short time approximation given by Eq. (2.37).

| 2
pcD-.-_._l_Ez{- D+y’2’] e @2.77)

4Lp 4t
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if
(1 - xp)?
& momccm——
o S ——> (2.78)

Comparing Eq. (2.78) to Eq. (2.75) shows that the short time approximation may not apply for
tp between . and t.5. However, Fig. 2.6 shows that when the short time approximation does
not hold, it overestimates pp.

1 ot Y%) ——
Pp == 4L, El[ } > pp(*ps ¥ps 2ps teps Lps Zup) (2.79)

If the short time approximation at f.p is negligible then pp at f., is also negligible by Egq.
(2.79). A plot of the short time dimensionless pressure at tp = t.p as a function of Lp, is shown
in Fxg 2.12. The dimensionless pressure is less than 0.01 for Lp less than 10.0. Thus the first
term in Eq. (2.76) is negligible for Ly greater than 10.0 and Eq. (2.76) becomes:

Ip

exp b
e (1 + xp) (1-xp) afp

» » ) 9 L s & = UF“ + F‘. * d{ 2.80

Po(Xps ¥ps 2Ds 2wps Lps tp) vy !I: f g erf NS T p (2.80)

when

m x; 13
- s > 10 (2.81)

Eq. (2.80) is identical to the general expression for the uniform flux vertical fracture as
presented by Gringarten and Ramey (1974). It is concluded that the pressure transient
response due to a drainhole of dimensionless length greater than 10.0 is identical for all times
to the pressure transient response of a uniform vertical flux fracture of the same length. Sec-
tion 2.4 has shown that L, is also the effective dimensionless drainhole length for a vertical ar-
ray of drainholes. Hence, if the total of the dimensionless drainhole lengths for all drainholes
in the reservoir is greater than 10.0, the pressure transient response is identical to the pressure
transient response of a uniform flux vertical fracture.

Since the drainhole solution is identical to Gringarten and Ramey’s solution for the verti-
cal fracture, several special solutions can be directly inferred from that study. The expression
for dimensionless pressure along the plane of a vertical fracture (yp = 0) is also the dimension-
less pressure drop along the drainhole and is given by Eq. (2.82):

ip ;
(I+XD) : ;(I—ID)

Ny

dfp  (2.82)

i f 1
*Dsv £Ds vL s tp) = =
Po(xps 2ps 2wps L, tp) 7 i N e

From the vertical fracture solution, the dimensionless pressure drop at y, = 0 and 2z, =0 for a
drainhole is given as:
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The short time approximation for large Ly, can be defined directly from the vertical frac-
ture solution as: '

Pp(xp, ¥ tp) = Vepexp [4 %] - b’DleifC[ Zb\'/%} (2.84)

and along the drainhole (yp = 0) :

po(xps tp) = Rip (2.85)

To simplify the long time approximation, Gringarten and Ramey defined a pseudo skin func-
tion, G(xp, yp), for a vertical fracture from the equation:

pD(xD, Yps tD) = —;'(ln tp + 2.80907) + C(XD, yD) (2.86)

When defined by Eq. (2.86), the pseudo skin function for the drainhole is obtained directly
from the vertical fracture solution as:

6(xps Yp) = -l—(x,, - Dln BB + Gp = 1] ; (2.87)

—~(xp + Din [y} + (xp + 1)*] = 2yparctan

YD
h-1
Along the length of the drainhole (yp = 0), Eq. (2.87) simplifies to:
6(xp) = -—;-[(1 ~ xp)ln |1 = xp| + (1 + xp)ln |1 + xp[] (2.88)

The pseudo skin function, ¢, was determined using the general drainhole solution and plotted
for various values of Ly along with Eq. (2.88). The results in Fig. 2.13 show that the vertical
fracture pseudo skin factor provides further validation for the drainhole solution presented in
this sudy. In general, the flow behavior for a drainhole system of Lp > 10 is equivalent to
that of a uniform flux vertical fracture.
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2.7. EXTENSION TO INFINITE CONDUCTIVITY DRAINHOLES

The similarity between the drainhole and the vertical fracture cases suggests that other
properties of the vertical fracture solution may be applicable to the drainhole solution. It is the
objective in this section to investigate the solution for infinite conductivity horizontal
drainholes by considering the solution for the infinite conductivity vertical fracture. This case is
most applicable for drilled and cased drainholes, where the resistance to flow in the drainholes
is negligible.

The infinite conductivity solution for the fully penetrating - vertical fracture has been
solved by several methods in the literature (Russell and Truit, 1964; van Everdingen and
Meyer, 1971). The analytical solution was first presented by Gringarten et al. (1974). In that
study, the infinite conductivity fracture was represented by dividing the fracture into 100 seg-
ments and maintaining equal pressure at the center of all the segments. This would represent a
vertical fracture with no resistance to flow inside the fracture.

It is beyond the scope of this study to develop such a solution for the drainhole problem;
however, the work by Gringarten and Ramey showed that the pressure drop along the infinite
conductivity vertical fracture can be obtained from the uniform flux solution by calculating Pp,
for yp = 0.0 and xp = 0.732. The result was given by Eq. (2.89) (Gringarten er al., 1974).

- 0.067Ei[— 0'018} — 0.433Ei [- °'759]
tp p

_1 0.134 0.866
Pwp(tp) 5 mu[e'f[ Ve ] + erf ( N )

(2.89)

This equation was correct for all points along the infinite conductivity vertical fracture for late
and early times and was assumed correct for all ime. A similar result (xp = 0.75) has been
obtained by Muskat (1946) for a well with partial penetration at steady state.

Eq. (2.89) was derived by Gringarten and Ramey directly from the uniform vertical frac-
ture solution, Eq. (2.68). Consequently, Eq. (2.89) also holds for infinite conductivity
drainholes with L > 10.0.

Fig. 2.14 shows a plot of the infinite conductivity fracture solution and the drainhole
solution for various Lp. The dimensionless pressure at xp = 0.732 for Lp > 10 does match the
infinite conductivity vertical fracture solution. This property is a direct result of the equality of
the uniform flux long drainhole solution and the uniform flux vertical fracture solution. It is
suggested by analogy that the uniform flux drainhole solution evaluated at xp = 0.732 also
represents the dimensionless pressure along an infinite conductivity drainholes for Lp less than
10. This speculation is one of several topics recommended for further work.

28. DRAINHOLE PSEUDO SKIN FACTOR

In this section a pseudo skin function for drainholes is introduced. It is shown that for
late time the pseudo skin function becomes constant and the pressure transient response can be
expressed as the vertical well line source solution plus a constant defined as the pseudo skin
factor. Finally, the pseudo skin factor for drainholes is used to compare drainhole productivity
to that of vertical wells and hydraulic fractures.
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A pseudo skin function can be defined such that the function plus the dimensionless pres-
sure due to a line source well describes the dimensionless pressure at any point in the system.
The dimensionless pressure drop due to a uniform flux horizontal drainhole can then be ex-
pressed mathematically as: : '

Pp = pp(rp, tp) +; S(xp, ¥p» ZD» Zwp» Lps tp) : (2.90)

where S(Xp, Yp» 2p» Zwps Lps tp) is the pseudo skin function and pp(rp, p) is the line source
solution for a single vertical well. The pseudo skin function for the drainhole case can be
derived from the general expression for dimensionless pressure given in Eq. (2.18). The equa-
tion for the line source solution is given by Eq. (2.91) (Earlougher, 1977). ‘

| a%+y%]

: =_1gl
Po(rps tp) = 2E1[ 2 (2.91)

The definitions of dimensionless variables for the line source solution vary from the drainhole
case and are defined by the following:

xp = S (2.92)
rw
yp = (}' : yw) (293)
kt SE
= ~ 2.94

The above differences in definition can be ignored since the r,, terms cancel once substituted
into Eq. (2.91). Thus, dimensionless variables as previously defined with respect to x; can be
used directly in Eq. (2.91).

A pseudo skin function for the drainhole case can be described by subtracting the line

source solution, Eq. (2.91), from the general expression for the dimensionless pressure, Eq.
(2.18), yielding: ‘

ip

S(xp, ¥p» 2p» Zwps LDy D) = —‘?-ﬂl +2Yexp [- ;FnzL},{D] cos nnz,p (2.95)
=l

y%,]
exp - eme—
(1 + xp) (1 - xp) [ 47p 1..| Bth
[con et [“”,TJT—D' +ed 247;] BT ""”7[7"‘,“ ["T'

Since the long time flow for a drainhole has been shown to be pseudoradial, it would be
expected that the pseudo skin function should become constant at late time. The constant
value reached by the pseudo skin function at late time has been defined by the literature (Brons
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and Marting, 1961) as the pseudo skin factor, s, and is a function of space ‘and ‘system
geometry but not time. The pseudo skin factor for a uniform flux drainhole system can.be
derived by analyzing the appropriate long time approximations.

During late time the line source solution can be expressed as (Earlougher, 1977):

1 'p ~ |
= —{In —— + 0.80907 2.96
YT ] i s 1AGT)

The dimensionless variables are again defined by Egs. (2.92) through (2.94); however, the r,,
terms still cancel and the dimensionless variables with respect to the drainhole half length can
still be used. The long term approximation for the dimensionless pressure in Eq. (2.56) can be
substituted along with Eq. (2.96) into the general expression for o, Eq. (2.95), to obtain:

o=pp+—ln-2 - Lin—P _ 050907 2.97)
2 up 2| B+y '
Which simplifies to the drainhole pseudo skin factor:
- Linp + In—2 — 0.4045 2.98
$ =P ~ Z10ip z "0 (2.98)

Where p;p and t,p are given by Eqgs. (2.54) and (2.55).

Figure 2.15 shows the pseudo skin factor at the wellbore plotted against Ly, for various
dimensionless drainhole radii, 7,4 /xf. The pseudo skin factor was obtained by evaluating Eq.
(2.98) for xp = zp = 0,” z,,p = 0.5, and yp = ry/xf.

The condition for negative pseudo skin factors is suggested by the following observation
from Fig. 2.15: :

s +1nL = In % (2.99)
rw alLD =12 xf

Eq. (2.99) states that if r,, = ry, then the pseudo skin factor for a drainhole is 0 when Lp =172,
In general, the pseudo skin factor is negative if:

1
- .1
> 5 (2.100)

Eq. (2.100) defines several circumstances for greater drainhole productivity than with
vertical wells. In isotropic reservoirs the pseudo skin factor is negative when the drainhole is
longer than the reservoir height. If k, is large, defined by Eq. (2.100), then drainholes will be
more productive than vertical wells. Such is the case for reservoirs with natural fractures. Eq.
(2.100) also shows that reservoirs with thin beds would benefit more from drainholes. Field
results from France as reported by Giger er al. (1984) support these conclusions.
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The three potentiometric studies (Perrine, 1955; Roemershauser and Hawkins, 1955; Lan-
drum and Crawford, 1955) of drainholes expressed results in terms of productivity increases.
One of the principle observations from the studies was that increases in productivity are pro-
portional to the combined length of all drainholes in the system until a point is reached were
additional benefit per added foot begins to diminish (Roemershauser and Hawkins, 1955). The
negative unit slope in Fig. 2.15 confirms that productivity increases are directly proportional to
the combined length of the drainholes. It also shows that the benefit to productivity does gra-
dually decrease for each added foot beyond a certain amount. The potentiometric studies also
observed that increases in drainhole length were more important than drainhole radius increases
(Landrum and Crawford, 1955). Figure 2.15 illustrates this observation since productivity is
not a function of.drainhole radius for Ly > 10. A third observation from the potentiometric
studies was that additional drainhole length was better than increasing the number of drainholes
(Perrine, 1955). Figure 2.15 shows that for Ly>10 the pseudo skin factor would remain the
same if another drainhole of the same length was drilled. The only means for decreasing the
pseudo skin factor for Ly, > 10 is to increase the drainhole half length, x.

Figure 2.15 shows that for Lp > 10, we can write:

s=1+ 1n[—'-‘“-] (2.101)
xf

This expression for the pseudo skin factor is equivalent to the pseudo skin factor for a uniform
flux vertical fracture (Gringarten et al., 1974). The apparent conclusion from Eq. (2.101) is
that productivity increases from a drainhole will only be as great as a uniform flux vertical
fracture of the same length. Figure 2.16 illustrates three exceptions to this conclusion. First, it
is possible to obtain much greater drainhole half lengths (Giger ez al., 1984) than with vertical
fractures. Second, if k, > k, then fracture orientation is most likely in only the high permeabili-
ty direction while drainholes could be oriented in the direction of low permeability for higher
productivity. The orientation of a hydraulic fracture most likely occurs perpendicular to the
principal axis of stress. If the reservoir contains naturally occurring fractures, hydraulic frac-
turing would be expected to form parallel to natural fractures and not enhance flow potential.
Third, most hydraulic fractures have a finite conductivity that limits the effective wellbore ra-
dius (Cinco-Ley et al.,, 1976). A drilled and cased drainhole will behave with infinite conduc-
tivity and therefore have a lower pseudo skin factor than the hydraulic fracture. Since one of
the above three conditons will usually be true, drainhole productivity should generally be
greater than the productivity of hydraulic fractures.
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3. CONCLUSIONS

The analytical solution for the transient pressure response was presented for single or
multiple uniform flux drainholes in an anisotropic infinite reservoir. The analytical solution was
developed using instantaneous source functions, Green’s functions and the Newman product
method. The solution showed that there are two possible types of transient pressure behavior
depending on the value of Lp. If Lp < 10 , flow is characterized by three flow periods: an
initial radial flow perpendicular to the drainhole axis, a transition flow period, and a pseudo-
radial flow period. If Lp > 10 , the initial radial flow period ends instantaneously for all
practical purposes. Flow is then characterized by early time linear flow followed by a transition
period and late time pseudo-radial flow. C ‘

Short and long time approximations are also‘presénteyd;’deﬁning the flow behavior during
the early and late flow periods. Expressions were also presented that define the beginning and
end of these flow periods. ; ‘ '

Log-log type curves are presented for various drainhole radii. Through type . curve .
matches of pp, tp, Lp and xp, permeability in three directions and ¢pc can be determined.
The conditions for the start of the long time flow approximations define the beginning of the
appropriate semilog straight line. Analysis of the semilog straight line will yield a skin factor
which can be used with the drainhole pseudo skin factor to determine whether a drainhole is
damaged or stimulated.

For cases where Lp > 10, the uniform flux drainhole solution matches the uniform flux
vertical fracture solution. From the definition of L, the similarity between drainholes and
vertical fractures is directly proportional to the ratios x¢/h and vk Iky.

The study demonstrated that the pressure tramsient response for ‘multiple drainholes is
identical to the single drainhole solution if dimensionless variables are defined relative to the
number of drainholes. Consequently, a drainhole system will also approximate a vertical
fracture if several drainholes are present.

Evaluation of the uniform flux drainhole solution for xp = 0.732 showed that the
drainhole pressure transient response for Lp > 10 was equivalent to the infinite conductivity
vertical fracture. This result indicates that the pressure transient response for infinite
conductivity drainholes is defined by the uniform flux drainhole solution at xp =0.732. The
early time solution for the infinite conductivity drainhole is given by the early time solution for
the uniform flux case. The definitions for the end of short time flow and the beginning of
pseudoradial are the same as those for the uniform flux case with xp = 0.732. The type curves
presented can be used to determine reservoir characteristics and mechanical conditions similarly
to the uniform flux drainhole case.

A drainhole pseudo skin factor was presented to define the difference between the line
source well dimensionless pressure and the drainhole dimensionless pressure. The drainhole
pseudo skin factor defines situations were drainholes will be more productive than vertical
wells. Drainholes are preferable to a vertical well if xdh > 1/2. The performance of drainholes
compared to vertical wells is further enhanced if &, > ky or if the reservoir contains more than
one drainhole.

The drainhole pseudo skin factor for Lp > 10 is identical to the pseudo skin factor for a
uniform flux vertical fracture. This suggests that productivity for long drainholes will only be
as great as the productivity of a vertical fracture of the same length. In practice however,
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drainholes will have higher productivities than hydraulic fractures because (1) drainholes can:
be drilled to greater lengths than hydraulic fractures, (2) they can provide maximum
productivity in reservoirs where k, # k, through directional drainhole orientation . while
hydraulic fracturing in the same reservoir would most likely provide minimal productivity
increases, and (3) cased drainholes will be infinite conductivity acting while a fracture of the
same length will have some finite conductivity. ; S

Recommendations for future work in this subject can be directed in several areas. An
infinite conductivity drainhole solution with storage and skin would provide a more rigorous
basis for analyizing drilled and cased drainhole well tests. The drainhole can be represented by
a finite source to validate the assumption of a line source drainhole. The drainhole solution
could be evaluated for a constant pressure upper boundary to approximate a gas cap reservoir.
Multiple drainholes could be drilled in a radial array and a pressure transient solution may
provide valuable clues about this configuration. The many possibilities for EOR applications
of drainholes can be further explored. The method presented in this study for determining
directional permeabilities could be modified for drill stem testing of horizontal bores in
exploratory wells and used to make corrections in drainhole orientation while drilling to

maximize productivity. Finally, the economic benefits of drainholes and fractures should be
evaluated in terms of productivity increases versus additional completion costs.
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4. NOMENCLATURE*

¢ = Total reservoir compressibility
h = Reservoir height
hp = Dimensionless reservoir height based on r,,
h¢ = Fracture height
k; = Permeability in the i direction
-Lp = Dimensionless drainhole half length
M = Pressure point
m = Number of drainholes in reservoir
-P = Source point
p = Pressure
- pp = Dimensionless pressure
- pi = Initial reservoir pressure
Pwp = Dimensionless Wellbore Pressure
q = Flow rate per unit length of source
q, = Total flow rate
r = radius
S = Instantaneous source function
5 = Pseudo skin factor
t' = Time
iD = Dimensionless time using x,
tp,, = Dimensionless time using r,,
x,y,z = Space coordinates
X, Y\w»2w = Drainhole center space coordinates
x; = Drainhole or Fracture half length
z, = Vertical distance between drainhole no-flow boundaries

GREEK SYMBOLS
Ap = Pressure change from initial
© = Horizontal distance from the pressure point to the nearest drainhole tip
1; = Diffusivity constant in the { direction
0, = Angle of well inclination from vertical
W = Viscosity
¢ = Porosity
O = Pseudo skin function
T = Integration variable

* c-g-s units are used
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SUBSCRIPTS
¢ = Critical
D = Dimensionless
dh = Drainhole
f = Fracture
I = Beginning of late time flow period
s = End of short time flow period
w = Well
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Fig. 2.1

Physical Representation of Single Drainhole System.
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SIx, .

Fig..2.2 Newman Product Representation of Single Drainhole System
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Physical representation of multiple drainhole system.
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FOR m-1 FOR m=3

b

Fig. 2.9 Newman product representation of multiple drainhole system.
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DRAINIIOCLE HYDRAULIC FRACTURE

[ K ¢=finite

S drainholfe < 8 hydravlic fracture

Fig. 2.16  Pseudo Skin Factor Comparison Betwecn Drainholes and and hydraulic (ractures.
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APPENDIX A
COMPUTER PROGRAM

The computer program computes the dimensionless pressure drop created by a uniform
flux horizontal drainhole in an infinite slab reservoir. Values for xp, yp, zp, z,p and Lp are input
along with the number of dimensionless time cycles. The dimensionless pressure is then com-
puted as a function of dimensionless time using Eq. (2.18).

Simpson’s rule is used to compute the integral in Eq. (2.18) with respect to dimensionless
time. Function DSORCE calculates the instantaneous source function for the appropriate
values of tp. Function DSDI provides an initial dimensionless pressure to begin the Simpson’s
rule approximation. DSDI uses the short time approximation represented by Eq. (2.15). Note
that the initial ¢, must be small enough for the short time approximation to apply as defined by
Eqgs. (2.29) and (2.34). The exponential integral for Eq. (2.37) is calculated using MMDEI, an
IMSL Subroutine. :
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C MAIN PROGRAM COMPUTES THE DIMENSIONLESS PRESSURE DROP CREATED BY A
C UNIFORM FLUX HORIZONTAL DRAINHOLE IN AN INFINITE SLAB RESERVOIR USING
C SIMPSON’S RULE
ik Rk ki kdkkk ok Rk kg Rk gk kR Rk kg kkdoR Rk Rk kR Rk kkk
IMPLICIT REAL*8 (A-H,0-R,T-Z)
REAL*4 TEST(160,10),SD(160,10), TS(160), TTTRE(40)
CHARACTER*4 FIN,F
CHARACTER*6 DDN
CHARACTER*6 TEXT(5)
' COMMON /ARGUMS/D(5)
COMMON /PARAMS/ R(50),Z(50)
DIMENSION P(5)
DIMENSION V(10,5)
DIMENSION II(5),NI(5)
DIMENSION TT(160)
EQUIVALENCE (I1,II(1)),(2,11(2)),d13,11(3)),(14,11(4)), (15,11(5))
EQUIVALENCE (NI1,NI(1)),(NI2,NI(2)),(NI3,NI(3)),(NI4,NI(4))
1,(NI5,NI(5))
DATA FIN/4HFIN /

OPEN (UNIT=2, File="file2junk’, STATUS="OLD’, ACCESS="SEQUENTIAL")
502 FORMAT(80A1)
PRINT 9001
READ 9002, TITRE
PRINT 9003,TTTRE
READ 9004,T0,NMOD,NPRINT,IPUNCH
PRINT 9005,T0,NMOD,NPRINT,IPUNCH
1S=0
NPAR=0
IF(NMOD.LE.0)NMOD-=11
IF(NMOD.GT.20)NMOD=20
NTD=NMOD*8
111 FORMAT(Ix,14)
IER=0
DO 20 I=1,6
READ $006,F,IN,DDN,NIN
IF(F.EQFIN)GO TO 30
PRINT 9007,IN,DDN,NIN
NPAR-I
1S=IS+IN
Q=N
NI(1)=NIN
TEXT(T)=DDN
TEXT(I)=DDN
IF((NIN.GT.0).AND.(NIN.LE.10).AND.(IN.LE.5).AND.(IN.GT.0))GO TO 10
IER=2*1+2
PRINT 9008,JER
10 READ 9009,(V(LJ,IN),1J=1,NIN)
PRINT 9010,(V(1J,IN),J=1,NIN)
20 CONTINUE
READ 9006,F,IN,DDN,NIN
30 PRINT 9011
IF((IER.EQ.0).AND. (IS.EQ.NPAR*(NPAR+1)/2))GO TO 40



PRINT 9012,IER,NPAR,IS
STOP

40 ID=5-NPAR+1
KP=9 ;
IF(NIN.GT.0)KP=9*10**NIN
ZER=KP
ZER=9.D0/ZER
PRINT 9013,NTD
DO 50 IK=1,NPAR
IN=II(IK)
NIN=NI(IK)
PRINT 9014, TEXT(IK),(V(1J,IN),[J=1,NIN})

50 CONTINUE
IF(ID.EQ.1)GO TO 80
DO 60 I=1,NPAR
K1=NPAR-I+1
K2=6-1
IIK2)=[I (K1)
NI(K2)=NI(K1)
TEXTX2)=TEXT(K1)

60 CONTINUE
IDF=ID-1
IF(IDF.EQ.0)GO TO 80
DO 70 I=1,IDF
K1=6-1
I{I)=K1
NI(D)=1
V(1,K1)=0.D0

70 CONTINUE

80 1=0
DT=0.D0
TD=TO0
DO 100 NC=1,NMOD
DO 90 K=1,8
TD=TD+DT
IF((K.EQ.1).OR.(K.EQ.3))DT=TD*0.5D0
IF(K.EQ.7)DT=TD/3.D0
I=]+1
TTM)=TD
TS(D)=SNGL(TD)

90 CONTINUE

100 CONTINUE
IF(JPUNCH.NE.0)WRITE(6,9015)
DO 240 U1=1,NI1
D(I1)=V(1,11)
P(1)=V(1I1,I1)
DO 230 1J2=1,NI2
D(12)=V(1J2,12)
P(2)=V(1J2,12)
DO 220 U3=1,NI3
D(I3)=V(U3,13)
P(3)=V(1J3,I3)
DO 210 1J4=1,NI4
D(14)=V(1J4,14)
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P(4)=V(1J4,14)
DO 170 1J5=1,NI5
D(15)=V(U5,15)
P(5)=V(1J5,15)
DTD=TT(1)
DSD=DSDI(DTD)
SD(1,135)=SNGL{DSD)
DP1=DSORCE(DTD)
TEST(1,1J5)=SNGL(DP1)
IF(KP.EQ.9YGO TO 140
OT=2
DO 130 NC=1,NMOD
DELTAT=DTD*ZER
DT=DELTAT*0.5D0
DO 120 KK=1,KP
DTD=DTD+DELTAT
DP2=DSORCE(DTD)
DSD=DSD+0.5DO*DELTAT*(DP1+DP2)
IF(TT(OIT)-DTD).GT.DT)GO TO 110
SD(IT,1J5)=SNGL(DSD)
TEST(IIT,U5)=SNGL(DP2)
IIT=1IT+1
IFQIT.GT.NTD) GO TO 130
110 DP1=DP2
120 CONTINUE
130 CONTINUE
GO TO 160
140 DO 150 IIT=2,NTD
DTD=TT(IT)
DP2=DSORCE(DTD)
DELTAT=TTUT)-TT(IT-1)
DP3=DSORCE(DTD-DELTAT*0.5)
DSD=DSD+DELTAT*(DP1+4.*DP3+DP2)/6.
SD{IT,U5)=SNGL{DSD)
TEST(IT,J5)=SNGL(DP2)
DP1=DP2
150 CONTINUE
160 IF(IPUNCH.LE.0)GO TO 170
WRITE(6,9016)TITRE,NTD,(TEXT({J),P(J1),J1=ID,5)
WRITE(6,9017)(TT(I),SD(1,135),I=1,NTD)
170 CONTINUE
IF(NPRINT.EQ.0)GO TO 210
IT=(NPRINT-1)*8
DO 200 J=NPRINT ,NMOD,6
DO 888 ICNT=1,5
PRINT*,’ °*
888 CONTINUE
PRINT 9018, TITRE
IF(ID.LTSPRINT 9019,(TEXT(L1),P(N),J=ID,4)
PRINT 9020,(V(1J5,15),115=1,NI5)
IM=MINO(6,NMOD-J +1)
NIX=NI5+1
NIZ=NIX+1
DO 190 I=1,JM
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PRINT 9021

DO 180 K=1,8

UT=IT+1

PRINT 9022, TS(IIT),(SDIT,1J5),115=1,NI15)

C IFUT.GE.17)PRINT $022,TS(UT),(SD(UT,1J5),115=1,NI5)
180 CONTINUE
190 CONTINUE
200 CONTINUE
NTA=NTD-5
IF (NMOD.LE.9) NP=0
IF (NMOD.GT.9) NP=(NMOD-8)*8
NP1=NP+1
210 CONTINUE
220 CONTINUE
230 CONTINUE
240 CONTINUE
DO 333 I=1,NI5
WRITE(2,111)NTD
DO 334 J=1,NTD
WRITE(2,9022)TS(3),SD{,I)
334 CONTINUE
333 CONTINUE

STOP

9001 FORMAT(20H1RAPPEL DES DONNEES://)

9002 FORMAT(20A4)

9003 FORMAT(1X,20A4)

9004 FORMAT(1X,D6.0,1X,12,1X,12,1X,11)

9005 FORMAT(25H TDMPS INITIAL DD CALCUL-=,1PDR.1,

1 23HNOMBRE DE MODULES-LOG.=,12,

2 14H , IMPRESSION=,12,

3 8H,IPERFO=,11)

9006 FORMAT(A4,1X,11,1X,A6,1X,12)
9007 FORMAT(21H NUMERO DU PARAMETRE=,11,

1 18H,NOM DU PARAMETRE=,A6,

2 33H,NOMBRE DE VALEURS DU PARAMETRE-= ,I2)
9008 FORMAT(1H+,81X,20H<— ERREUR DANS LA ,I2,10HEME CARTE.)
9009 FORMAT(10D8.0)

9010 FORMAT(1X,10G8.3)

9011 FORMAT(16H FIN DES DONNEES)

9012 FORMAT(40HOARRET DU A UNE ERREUR DANS LES DONNEES.,314)

9013 FORMAT(40H-LE CALCUL DES RABATTEMENT REDUITS POUR ,I4,
141H VALEURS DE TEMPS REDUIT SERA FAIT AVEC /)

9014 FORMAT(1HO0,A8,10(1PD10.4,2H, ))

9015 FORMAT(55H***** CARTES PERFOREES PAR CARAFON *##* LANDEL hbhkREdd)

9016 FORMAT(61HNATURE DU TRAIT= ,INDICE DE LISSAGE= ,EMPLACEMENT DU L
1ABEL=/2(20A4/),

2 I14,6HPOINTS,5(1H,,A5,1PE8.2))

9017 FORMAT(1P8D10.3)
9018 FORMAT(1X,2(20A4)
9019 FORMAT(1X,5(A4,G10.4,1X))
9020 FORMAT(20H TD LD= ,1PD9.3,9(3X,D9.3))
9021 FORMAT(1X)
9022 FORMAT(3X,1PE8.2,6X,10(2X,E10.4))
END
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C FUNCTION DSORCE COMPUTES THE DRAINHOLE INSTANTANEOUS SOURCE FUNCTION - -
C FOR A GIVEN VALUE OF TD ‘

ot o o ook AR A ol R o KR ook ok R o R AR AR K A R R Rk ok

DOQUBLE PRECISION FUNCTION DSORCE(TD)

IMPLICIT REAL*8 (A-H,0-7)

COMMON /ARGUMS/-XD,YD,ZD,ZWH,XFH

1 SUM=0.

SUMCHK1=-100.

STD=DSQRT(TD)

PI=4.0*DATAN(1.D0)

SPI=DSQRT(PI)
DO 10 1=1,3000
DI=DBLE(I)
COTERM=DCOS(DI*PI*ZWH)*DCOS(DI*PI*(ZD*XFH+ZWH))
SUM=SUM+DEXP(-1.DO*((DI*PI*XFH)**2)*TD)*COTERM
CHECK=L/8.0
TRNK=IDINT(1/8.0)
IF(CHECK.NE.TRNK)GOTO 15
DELTA=DABS(SUMCHK-SUM)
IF(DELTA.LT.1.D-TYGOTO 20
SUMCHK=SUM

15 CONTINUE

10 CONTINUE
IF(1.GE.8000)WRITE(6,*)’summation did not converge’

20 ERTERM=DERF((1.0+XD)/(2.0*STD))+DERF((1.0-XD)/(2.0*STD))
EXTERM=DEXP(-1.0*(YD**2)/(4.0*TD))/(2*STD)
DSORCE=SPI*(1.0+2.0*SUM)*EXTERM*ERTERM/2.0

C print*,'dsorce= ', DSORCE

RETURN
END
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*##***#*###**#**#**t######**###‘“###*tt**#t*t##*$#t###*#¢*###*yi#**#****

C FUNCTION.DSDI COMPUTES THE DRAINHOLE DIMENSIONLESS PRESSURE DROP FOR
C THE INITIAL VALUE OF TD USING THE SHORT TIME APPROXIMATION

fopgordokk kR ko dokkkkokkp ko kg bRk Rk RSk kRt R hk kR gk Rk d kg hk

LOUBLE PRECISION FUNCTION DSDI(TD)
IMPLICIT REAL*8 (A-H,0-Z)

INTEGER IOPT,IER

DOUBLE PRECISION MMDELARG
COMMON /ARGUMS/ XD,YD,ZD,ZWH,XFH
ARG=((ZD**2+YD**2)/(4.0*TD))

IOPT=2
DSDI=0.25*MMDEI(IOPT,ARG,IERYXFH

X=DSDI

RETURN

END
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APPENDIX B

Tabulated Values of P, at several x, for various rp4 and Lp

This appendix provides the tabulated results for the uniform flux horizontal drainhole
solution presented in the text. The computer program in Appendix A is used to evaluated
pp vs. tp for seven values of Lp. Results were generated for various xp and ru. In each case the
dimensionless pressure is evaluated at the point (xp, ra 0, 0.5, Lp) using Eq. (2.18).
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APPENDIX C

DRAINHOLE PRESSURE TRANSIENT TYPE CURVES

This appendix provides graphical results for the uniform flux horizontal drainhole solution
presented in the text. The computer program in Appendix A is used to evaluated pp vs. tp for
seven values of Lp. Results were generated for various xp and rg. In each case the dimension-
less pressure is evaluated at the point (xp, 7 0, 0.5, Lp) using Eq. (2.18).
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